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On In-Network and Other Types of Amplifier
Descriptions for Nonlinear Distortion Analysis

Andrzej Borys

Abstract—Basics of modelling analog weakly nonlinear
amplifiers at higher frequencies for the purpose of nonlinear
distortion analysis are addressed in this paper. First, the
constitutive relation for this class of amplifiers, with the use of a
Volterra series, is formulated. It is the basis for formulation and
derivation of the so-called in-network and input-output type
descriptions of an amplifier in the time domain, which are then
transferred into the multi-frequency domains. Usefulness of the
general models achieved, which were not published up to now in
the literature, lies in the fact that they can be used for any
topology in which the amplifier is incorporated and for any
nonlinear distortion measure assumed. Some examples of
calculations are given at the end of the paper for cascade and
feedback topologies, and for harmonic distortion measure.

Keywords—Weakly nonlinear amplifiers, nonlinear distortion
analysis, harmonic distortion, constitutive relations, Volterra
series.

I. INTRODUCTION

IN THE LITERATURE on nonlinear circuits and systems,
the Volterra series is viewed as a typical input-output
representation, so also applied in the analysis in such a form.
However, as we show in this paper, it can play other roles, too.
One needs it, for example, in a correct formulation of the so-
called constitutive relation [6] of a weakly nonlinear amplifier.
In this case, the Volterra series is its part as we show here.

In this paper, to formulate the constitutive relation of a
weakly nonlinear amplifier, we view it as a two-port circuit
element. And we formulate for it two equations relating to
each other the amplifier’s port variables. These equations
constitute the amplifier’s constitutive relation.

The amplifier’s constitutive relation is the basis for
formulation of its two models called in-network and input-
output type descriptions [3]. They are simply the element’s
constitutive relation in which a context is taken into account,
with that context meaning here a port to which the input signal
is applied. More precisely, when the input signal is applied
directly to one of the amplifier’s ports, we speak about the
input-output type description. But, when the point of
application of the input signal is “moved” to another port of a
network in which a given amplifier is incorporated, we speak
about the in-network type description.

The amplifier’s in-network and input-output type
descriptions in the time domain are formulated and discussed
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in detail in section III. In the next section, these descriptions
are transformed into the multi-frequency domains.

Usefulness of the amplifier’s in-network type model in
consideration of different network topologies surrounding the
amplifier is illustrated by two examples.

Also, we show here how this model can be applied in
calculations of different nonlinear distortion measures. For
illustration, its application in evaluation of harmonic distortion
in a simple feedback structure of Fig. 3 is discussed in more
detail in section VI.

The purpose of this paper is to develop fundamentals of
modeling weakly nonlinear amplifiers for the needs of
nonlinear distortion calculations. Also, the task is to put some
already published results into a more general framework.

The main results achieved in this paper are the new general
models of weakly nonlinear amplifiers developed for the
needs of nonlinear distortion evaluation. Up to now, they were
not published in the literature.

II. CONSTITUTIVE RELATION OF A WEAKLY NONLINEAR
AMPLIFIER

In his paper [6] on fundamentals of electronic device
modeling, Chua introduced the notion of a constitutive
relation. He showed how it can be formulated for basic two-
terminal circuit elements (resistor, inductor, capacitor, and
memristor) as well as for internally more complex ones
(possessing however also two terminals). In the latter case, the
constitutive relations, apart from the terminal variables,
involve also their derivatives and integrals, and sometimes
internal variables (including their derivatives and integrals),
too. Furthermore, their form is then also not of a simple
algebraic relation, but of a system of algebraic, differential,
and integral equations [6].

Here, we use the following terminological convention: in
case of the constitutive relations having the form of algebraic
relationships, we name them alternatively constitutive
equations.

The constitutive relations were also defined in [6] for circuit
elements possessing more terminals than two, or more or
equal to two ports (that is for multi-terminal or multi-port
elements). Hence, we can expect that formulation of the
constitutive relation for such an element as (linear or
nonlinear) amplifier is possible. Simply because it is a two-
port circuit element (block, module) - of which consist larger
objects (circuits), as for example multi-stage amplifiers.

Having formulated the constitutive relation of an amplifier
as a circuit element, we show afterwards consistency of this
notion.

Now, consider a nonlinear time-invariant amplifier with
memory denoted by a capital letter H in Fig. 1.
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Fig. 1. Amplifier as a two-port circuit element.

It can be viewed, using the terminology formulated in [6],
as a dynamic two-port described by two sets of variables: of
port voltages {Vn"z} and currents {iniz}’ and by a set of

algebraic and non-algebraic relations between their elements.
So denoting the latter set by a bold-faced f,,, meaning a

vector, we can write

L (v (2)5v,(2)5, ()1, (1)) =0 (1a)

or shortly, without showing a continuous time variable ¢ in the
expression, as

fH(Vlavzailaiz):() (1b)

where (0 means a zero vector.

Equation (1b) constitutes an implicit form of the
constitutive relation of an amplifier # in Fig. 1. In what
follows, we assume that its explicit form can be derived
uniquely from (1b).

An example of the explicit form of the constitutive relation
of an element closely related to that in Fig. 1 was given in [6]
(see page 1026 therein). That is for an algebraic n-port called
in [6] an x-controlled voltage source, where x stands for a
vector of controlling variables. Specialized for n=2 (two ports)
with a controlling variable being the voltage at the port 1, it
reads as

=0
{ : 2

v,=f (vl)
where f denotes an ordinary function, not necessarily a linear
one.

Note now that if the amplifier of Fig. 1 were a memoryless
element its description by (2) would constitute an adequate
model for it. Also, observe that, to allow in such a model for H
of Fig. 1 being a dynamic element (with memory), we need
only to modify slightly (2). Simply, we then rewrite the
second equation in (2) in a more general form as shown below

=0
{1 3)
v, =H(v)
with H meaning now a generally non-algebraic operator
(describing the dynamic phenomena).

Remarks:

1. The explicit forms of the constitutive relations of
amplifiers: without and with memory (a dynamic one)
considered in this paper are given, respectively, by (2) and
3).

2. Note that knowing (3) we can detail (1b). Then, we get

: 0
fH(vl,vz,il,iz)z{;_H(v )}:[O} 4

3. Note that all the forms of the amplifier constitutive
relations presented are “truly internal” relations, relating to
each other exclusively amplifier port variables. For these
relations, a place of application of an input signal to a
network, in which a given amplifier is embedded, is of
absolutely no importance.

4. Note that similar means of amplifier modeling as given by
(2) or (3) were used without referring to notion of the
constitutive relation, in many papers, for example see the
most recent works [5], [10], [11]. Here, we provide
however a general framework for all these particular
results published in the literature up to now.

In what follows, we specialize our general model of an
amplifier given by (3) to the case of a weakly nonlinear
amplifier. That is we specialize it to such an amplifier for

which the operator H (V1) in the second equation in (3) can

be expanded in a Volterra [4] series giving

ij jh,({”)(rl,...,rn)illvl(t—z'k)drk- 6))

n=1 _

In (5),
impulse response of the n-th order.

Furthermore, the term “weakly nonlinear” means that the
series (5) can be well approximated by its first three
components for the values of amplitudes and frequencies of
the voltage signals v, (z) that are used in practice at the

)
h'(T),....T,

7,) means the amplifier nonlinear

amplifier port 1. In other words, we assume that we can
successfully use in the analysis (not exceeding a certain
amount of error) the following truncated expansion:

v, = H(vl) = vglzl +vgi), +v§3h), +o = vgll){ +v§2 +v§2 (6a)

with

(1) = j J’ hg’)(rl,...,rn)gvl(t—Tk)dfk (6b)

for n=1,2,3,.... For simplicity of notation, the time variable
tis dropped in (6a). Moreover, it is clear from (6a) and (6b)

that v (vl) vg’g (¢), n=1,2,3,..., are the partial responses in

the voltage v, (t) that are associated with the corresponding

orders n of amplifier nonlinearities. Further, the second
subscript “H” in these partial responses indicates that they are
calculated according to the formula of an amplifier
constitutive relation (they regard the amplifier constitutive
relation).

Remarks:
1. Note that the Volterra series given by (6a) and (6b) does
not play in (3) its usual role of an input-output
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representation for a nonlinear circuit or system. In (3), it is
a part of this constitutive relation of a circuit element
called a weakly nonlinear amplifier. And it is important to
be aware of this fact because a constitutive relation, from
its nature, is an “internal” description.

2. The implicit constitutive relation of a weakly nonlinear
amplifier given by (3), (6a), and (6b) is that relation one
needs to derive its in-network and input-output type
descriptions (defined in [3]). Derivation of these
descriptions is the objective of the next section.

III. IN-NETWORK AND INPUT-OUTPUT TYPE DESCRIPTIONS OF
A WEAKLY NONLINEAR AMPLIFIER

In [3], in-network and input-output type descriptions of
nonlinear circuit elements were defined and illustrated for
some basic two-terminal elements by presenting their detailed
derivations. More complicated elements, as for example multi-
port ones, were not dealt with. Here, we consider the latter on
an example of a weakly nonlinear amplifier (being a two-port
element).

We can observe that the fundamental difference between
amplifier’s in-network and input-output type descriptions is
the following:

1. In an in-network type description, none of the port
variables is its input signal. That is in this case the input
signal is applied to a place different from any of the
element’s ports.

2. In an input-output type description, one port variable is its
input signal, and the second one is its output signal.

(This follows immediately from the application of definitions

given in [3] to a two-port circuit element.)

We present derivation of the in-network type description of
a weakly nonlinear amplifier first. So for this, we assume now
that this amplifier (denoted as well by H as in Fig. 1) is

embedded in a network to which an input voltage signal v, (7)

is applied at a port { #1,2 (for convenience, we assume here

that ports of H embedded in a network are numbered in the
same way as shown in Fig. 1). Furthermore, we assume that

the port voltages v, () and v,(¢) in this network can be
expressed by a Volterra series related to the input voltage
signal v, (¢). That is we can express v, (¢) and v, () as

v,=H (v,)= Wy O (7a)
with
W)= [ | B @yt ) T (0= 7 )7, (7b)
and
v,=H, (vl.) = vgll.) + vg) + VS) +... (8a)
with
A= [ o [ W@t ) TV =7, )d, (8b)

respectively, for n=1,2,3,.... In (7a), H,(v,) denotes an

operator describing the relation existing in a network
considered between the port voltage v, (t) (can be viewed as

an output signal in this relation) and the port voltage vl.(t)

(which is the network input signal, so also the input signal in
this relation). At this point, we point also out a fundamental
difference existing between H and H,: the first operator

depends exclusively upon the amplifier’s parameters, contrary
to the second one, which depends, generally, upon all the
network’s parameters (that is of the embedded amplifier and
of the network part connected to it). Further, H, (v‘.) from (8a)

is defined similarly, and differs also similarly from H, as
Moreover, W) = (.”)(t) and W) = ('z)(t),

H (v,) i~V 2i 2

n=1,2,3,..., denote the partial responses in the voltages v, (t)
and v, (z), respectively, that are associated with the

corresponding orders of the network nonlinearities (as the
whole) and are related to the network input signal placed at
port i. We say also that they are of degree n with respect to the

variable v, . The time variable 7 is dropped in (7a) and (8a) for
simplicity of notation. Furthermore, hl(")(rl,..., r,) and

h(")(r ...,7, ) mean the network nonlinear impulse responses
2 122 %n

of the n-th order for the relations between ports 1 and 7, and 2
and i, respectively.

Before going further, let’s observe that the second
equation of the amplifier implicit constitutive relation (3) is
expressed now by (6a) and (6b). Furthermore, note that
according to a rule given in [3], to get the element’s in-
network type description, we have to introduce its terminal or
port variables related with the network input signal into its
constitutive equation. So substituting the voltages v, (z) and

v, (t) given by the expressions on the right-hand sides of (7a)
and (8a), we get

v, (1) =V ()7 () + ) (1) + e =

= [ @)W e-a)+ il e-o)+

+V1(z'3)(t_71)+":|d71 + _[ I hg)(71372)|:v1(;)(t_71)+

9
+v1(l.2)(t -7,)+ ] [vl(il)(t -7,)+ vl(iz)(t -7,)+ J drdr, +

+I I I hs)(TI,TZ,Q)I:VI(;)(t—Tl)+
+V1f2)(t_71)+"] [vl(il)(t —r2)+v1(i2)(t —r2)+..]

DGyt -2) . ]drdr,de, +..

In the next step, comparison of the components of the same
order (degree) with respect to the input signal v, on both sides
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of (9) gives

A ( j 1) (@ (), (102)
j W (e Wt -1,)dx, +_J;_J;h (1,7,)" o

'Vli (t -7 )Vli (t—r7,)drdr,

vzl I h (2'1 )vh (t—r7)dr, +

] T e[ =)+

+V1(i2) (t—1, )vl(il) (t-r1, )J drdr, + (10c)

+I I _[ hs)(71’72’73)v1(i1)(t _71)"1(;)0 -7,)-

'vl(;) (t—r))drdr,dr,

and so on.
Consider now the first equation in (3). Obviously, its both
sides can be also viewed as the Volterra series, as follows

i =i" % +i% 4 =040+0+... (11)

where the time variable ¢ is dropped for simplicity of notation
and ", n=123,..
corresponding orders n) in the current ;.
that

amplifier. Also, observe that the current j is independent of

., are the partial responses (of the
Furthermore, note
is independent of any other port variable of the

all the network port variables when the amplifier is embedded
in it. In other words, equation (11) is exactly the same: as a
part of the amplifier constitutive relation and as an equation

relating the current j (¢) with the network input signal v, (7)-
It follows from (11) that

=0, i¥=0, =0, ... (12)

Having (10a-c) and (12), we can now define the in-network
type description of a nonlinear amplifier in the time domain as
a series of pairs
()

L.\t
"( )( ), n=1,2,3,.. (13)
Vs (t)

where il(l.") (l) are given by (12) (the second subscript “i” i

added here to for underlying the consideration of the case of
an in-network type model) and vg';) (t) by (10a-c), for
n=1,2,3,..

. And, as mentioned above, when we can restrict

ourselves to the first three pairs in (13), we have an in-network
type model for a weakly nonlinear amplifier.

Remarks:
1. Evidently, (13) represents an iterative process. That is we

calculate first vgll.), then vglz.), and next VS) , and so on. This

process constitutes an iterative model of a nonlinear
amplifier.

2. It follows from (10a-c) that the order of calculations of the
aforementioned terms is fixed in the amplifier in-network
type model.

Note that equations (10a-c) can be also written in another
; : (n)
form when we express in them the partial responses v, (t),

n=1,2,3,..., according to (7b). Then, we get

Vz, j Jh (@)h (Wt -1, —7,)dz,d7, (14a)
W)= [ [ [ em? @, ie-7-7,)-
-v,.(t—z'z—rb)drudrbdz'lJrj I _[ jh (z’l,rz)hl (r) (140)
~h1(1)(z'b)vl.(t—r1 -t W (t—r7,—1,)dr dr,drdr,
VS)(t)Z J .[ .[ ,[hl(il)(rl)h1(3)(fa’fb’fc)vi(t_Tl_Tg)'
v(t—1,—-1,)W(t—7, -7 )dr dr,dr dr +
+.[ .[ j j jhg)(rl’Tz)lihl(l)(ra)hl(Z)(Tb’Tc)vi(t_71_Ta)'

0 =00 0 ~0 ~o (14c)

~r)+ W7 (z,,7,)h"(z,)-
v(@E-r, - w(Et-r, -t )v(Et-7,—7 )]-

1

v(-1,-r,)v(t—7,

—38
—38

dr dr,dr drdr, ++ j

o0 oo
J.J.hH (7),7,,73)-
00

W@ @ @y =7 -~ v
v(t—rt,—7,)dr dr,dr drdr,dr,

8
8

_z'z_z'b).

and so on.

Derivation of the input-output type description [3] for the
nonlinear amplifier is much simpler. In this case, the input
signal v, (z) is applied directly at the amplifier port 1 (see Fig.
1). So the counterparts of (14a-c) are achieved directly from
(6a) and (b) by substitution of v, (r)=v, (z) and dropping the
second index “H” by the symbols of partial responses
(indicating thereby that they regard the amplifier input-output

type model). For completeness, we provide also the
corresponding expressions

0

= J. h}(;)(r1 w.(t—1,)dz, (15a)



ON IN-NETWORK AND OTHER TYPES OF AMPLIFIER DESCRIPTIONS FOR NONLINEAR DISTORTION ANALYSIS. . .. 181

©

= I hg)(rl,rz)vi(t—rl)vl.(t—rz)drldz'z (15b)
) t) = I hs)(fl,fz,2'3)vi(t—Tl)Vi(t—T2)~ (15¢)

v (t—ty)drdr,dr,

and so on. And finally, the whole input-output type model of
the amplifier is given by

.(Vl)
h (t), n=12,3,.. (16)
W (1)

where now ") (r) are given by (12), but v{") () by (15a-c),

for n=1,2,3,...

Remarks:

1. Relation (16), similarly as (13), represents an iterative
process. So this process constitutes an iterative model of a

nonlinear amplifier.
2. It follows from (15a-c) that the order of calculations of the

terms vg") (t), n=12,3,...,
input-output type model.

is not fixed in the amplifier

It is interesting to note that the input signal v, (t) can be

also expressed as the following Volterra series

v, (£) =V () v () 0 () + o=

1

v, (£)+0+0+...  (17)

where V"), n=1,23,...
corresponding orders n) in the voltage v,. And (17) can be

, mean the partial responses (of the

used to derive the amplifier input-output type description from
its in-network type one. To this end, we assume that the input
signal v, is applied directly at port 1 (see Fig. 1) what together

with (17) allows us to write

V@ =) = v,(1) (18a)
Wiy=v@)=0 (18b)
W= @=0 (18¢)

and so on. Applying then (18a-c) in (10a-c), we get really the
expressions occurring on the right hand sides of (15a-c).
Finally in this section, note also that in the case of linear
circuits there is no need for introducing their in-network type
descriptions. This is evident, for example, from consideration
of a linear amplifier that is described by (10a) or (15a) and of

which all the partial responses V!’ (¢) or ") (¢) for n>2,

and il(;l) (t ) or il(n) (l‘ ) for n>1 are identically equal to zero.

The form of the right hand sides of (10a) and (15a) is the
same.

IV. IN-NETWORK AND INPUT-OUTPUT TYPE DESCRIPTIONS IN
MULTI-FREQUENCY DOMAINS

To transform the expressions given by (10a-c), (13), (14a-
¢), (15a-c), and (16) into the multi-frequency domains, it is
necessary to introduce in them artificial auxiliary time
variables. For this purpose, we apply a standard procedure
used in this area, as described, for instance, in [4], [9]. That is,
for example, we apply

vgn) _ vg") (t) N vg") (tl""tn) (19a)

n=1,2,3,..., for voltages on the left hand sides of (15a-c) and
V= (6) >V (f,e0t,) (19b)

with

W (1o, ) =9, (1) 9,(2,) (19¢)

for powers of v, which occur on the right-hand sides of (15a-
¢). In (19a-¢), ¢,..,¢
variables, and 5 = 1,2,3,... .

mean the artificial auxiliary time

Having the artificial auxiliary time variables introduced
(where needed) in all the aforementioned expressions, we
apply in the next step the so-called multidimensional Fourier
transforms [1], [4], [7] to them. These Fourier transforms, for
the successive indices n =1,2,3,..., are defined by

GO (frrr )= [ o[ €701t 20)

-0 -0

-exp(—j2z(fit, +...+ f,t,))dt, -~ dt

where G(")(fl,...,

transform of a function g(”)(t,...,

f,) means the n-dimensional Fourier
t,) having n arguments

being artificial auxiliary time variables. Moreover, f,..., f, in

(20) are the frequencies from the n-dimensional frequency
space.
Because lack of space, we omit here the details of
derivations. We present only the results, which are as follows.
So from (10a-e), we get

() =HY (AW (1) (212)

V‘”(fl,fz) (ALY (6 1)+ 1b)
HY (S LW (AR (5)

VO (fisfonfi) = ‘(f+fz+f3) (S So i)+

HY (fi fy+ LIV (B (fr 1) + Qlc)

14
HY (fi+ fos WV (S )W (1) +
HY (£ s KW (P (EIRD ()
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and so on. In (21a-c), f, f,,and f, represent the frequency
variables in the corresponding multidimensional frequency
spaces. That is f, belongs to the one-dimensional frequency

space, f, and f, belong to the two-dimensional frequency

space, f, f,, and f, belong to the three-dimensional
frequency space, and so on. Moreover, Hg) and Vlf,l), Hs)

and y\?, HS) and 1/153) , and so on denote the one-, two-, and
three-dimensional, and so on, respectively, Fourier transforms
of the corresponding impulse responses and partial voltage

responses of the successive orders, occurring in (21a-c). They
depend upon the frequencies f;, f,, and f, as indicated.

H1(11)’ H,(f) , H[(;), and so on, are also called the nonlinear

transfer functions of the corresponding orders » =1,2,3,... (for

n=1 meaning a standard linear transfer function).
Furthermore from (13), we have

1Y (fryeen 1)
Vi (frsenn )

where 1) ( fiyus ) and V) ( £y £). n=1,2,3,.... denote

the successive n-dimensional Fourier transforms of the partial
responses in the corresponding port current and voltage
regarding the amplifier in-network type model.

And from (14a-c), we obtain

, n=12,3,.. (22)

v (K)=Hy (K)H ()Y () (232)
() —{ g ()

VO (ff) = HY (fi+ £)HE (£ 1)+ o)
+H (£ £ HY () HY (4) 76V (5)

VO (i S i) =[H (4 fo+ L) HD (fio fir 1)+

+H (i fo+ £)HD (K)HD (f £+ (23¢)

H (fi+ fus SV HE (5o L) HY ()4 HE (o fis f5):
CRITALRIVARIVAAVAIAVAIATS

where H 1(") stands for the n-dimensional Fourier transform of

the network nonlinear impulse response /11("), n=12,3,....
Moreover, V, stands for the one-dimensional Fourier

transform of the input signal v, .
From (15a-c), we get

V() =HY (K1) (24a)
V1) =HS (F L)V () () (24b)

VO (oS 5)=HG (s o SV (B L)V (1) - 240)

Fig. 2. Cascade connection of two circuit blocks.

And finally, we have from (16)

1 (fisems f))
VI (S f,)

where /") (fisen f,) a0d V) (fryes £,)5 n=1,2,3,..., denote

the successive n-dimensional Fourier transforms of the partial
responses in the corresponding port current and voltage
regarding the amplifier input-output type model.

, n=1,2,3,... (25)

V. APPLICATIONS OF IN-NETWORK TYPE MODEL OF
NONLINEAR AMPLIFIER

In-network type model of a nonlinear amplifier is destined
for calculations of nonlinear transfer functions of circuits
(networks) containing such an element. In the previous
section, we developed two versions of this model. The first
one, given by (21a-c), is suited to computer-aided calculations,
for example, as an element stamp to be built in a computer
program of nonlinear analysis [2], [12]. On the other hand, the
second version, given by (23a-c), is suited to “hand and
pencil” calculations (such as, for example, those presented in
[5], [10], [11]). Here, we will present some remarks only on
the latter.

First, observe that (23a-c) show transparently the
dependence of the in-network type model of a nonlinear
amplifier upon its context. This dependence is through the

nonlinear  transfer  functions Hl(” ( fl) , Hl(z) ( £ fz),

Hl(3) ( 1o fos f3) We show now, on two illustrative examples,
how the aforementioned model changes with changes in
network topology.

In first example, we consider the topology of a cascade
connection of two circuit blocks, as shown in Fig. 2, in two
versions.

In first version, let /| in Fig. 2 denote a purely linear

circuit (for example, a strictly linear amplifier preceding a
weakly nonlinear one). The nonlinear transfer functions of
higher orders (n >2) of such a circuit are identically equal to
zero, what simplifies (23b) and (23c) to

VD (e fa)=H (£ L) (A H (L) (A (f) (26)

and

V(o fon 1) = HY (S £ £) HY (1) HY ()- @7
CVSIAVAIAVAIATS!

respectively. Obviously, the form of (23a) does not change in
this case.
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In second version, let /|, in Fig. 2 denote a nonlinear

circuit of which nonlinear transfer functions of higher orders
(n>2) are not identically equal to zero (at least those of the
orders n=2 and n=3). Then, the form of expressions one uses
is exactly that given by (23a-c).

In second example, we consider another fundamental
topology, a feedback structure, as shown in Fig. 3.

In Fig. 3, the voltages v;, v,, and v, denote the port

voltages, at the corresponding ports: i, 1, and 2. The feedback
block K stands for a linear dynamic circuit (a linear circuit
with memory) so it is fully characterized by its (linear)
transfer function K ( f ) with f meaning a frequency variable.

The nonlinear transfer functions H1()7 () , and H can

be calculated for the feedback structure of Flg. 3 using one of
the well-known methods published in the literature [4], [8].
The details of these derivations are omitted here. We present
only the final results:
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Fig. 3. Feedback topology consisting of a nonlinear amplifier / and a linear
block K.

Applying (28a-c) in (23a-c) gives
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Finally, note that the right hand sides of (29a-c) are the
expressions determining the first three nonlinear transfer

functions H, 0,
of Fig. 3, from port i to port 2.

, and H %) of the whole feedback structure

Remarks:

1. The nonlinear transfer functions (29a-c) represent the
input-output type description (in the multi-frequency
domains) of the whole feedback configuration of Fig. 3.

2. Similarly, the nonlinear transfer functions Hl(l), Hl(z), and

3 describing the “context” network of the amplifier H
in Fig. 3, and given by (28a-c), represent the input-output
type model, too. Because they regard the relation existing
between the (output) port voltage v, and the (input)

voltage v, .

3. The examples presented above show how the in-network
and input-output types of descriptions are involved with
each other.
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Characteristic for the descriptions (models) developed here
for a (weakly) nonlinear amplifier is that they are general,
opposite to those presented in [5], [10], [11]. So they can be
applied not only to calculations of harmonic distortion, but
also of any other nonlinear distortion measure, as for example
intermodulation  distortion, signal compression, cross
modulation etc. Each of these measures has own peculiarities,
which however can be exploited in a way for making their
calculations more effective. We illustrate this point in the next
section sowing how to simplify the harmonic distortion
calculations in the feedback structure of Fig. 3.

VI. SPECIALIZATION OF GENERAL RELATIONS FOR HARMONIC
DISTORTION AND FEEDBACK STRUCTURE OF FIG. 3

As known [4], the Volterra series can be expressed in a
more convenient form for circuit analysis by using in it
nonlinear transfer functions instead of nonlinear impulse
responses. So applying this approach to (8a) and (8b), we get

0
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Then, we assume that the input signal v, (t) in the feedback

structure of Fig. 3 has the following form
v(t)=Aexp(22f )V (f)=45(/-1,) G
where a relation with its ordinary (one-dimensional) Fourier

transform Vl_( f ) is shown, too. 4 in (31) is a real number

and means the amplitude of this harmonic signal, but
[ =0, /(27;) means its frequency (and @, its angular

frequency). Furthermore, § means the Dirac impulse and f'is
the current frequency in its Fourier transform.

Applying (31) in (30) with H, H”), and H given by
(29a-c), we obtain

v, (0)=a, (jo,)v, (1) +ay, (jo,)(v,(c)) + (32)
+a,, (]a) )( (t))3+

where the coefficients a, (jwo) . ay, (jwo)’ and ay, (ja)o)

are given by
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Note that (32) is a power series like representation found by
Palumbo and Pennisi [10] to be a very useful tool in harmonic
distortion analysis of analog dynamic weakly nonlinear
circuits. Moreover, (33a-c) are the expressions for the closed-
loop nonlinear coefficients (so called in [10]) of a feedback
structure in Fig. 3.

A
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