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IMPORTANT MESSAGE FOR THE AUTHORS

The Editorial Board during their meeting on the 18" of January 2006 authorized the
Editorial Office to introduce the following changes:

1. PUBLISHING THE ARTICLES IN ENGLISH LANGUAGE ONLY

Starting from No 1°2007 of E&T Quarterly, all the articles will be published in
English only.

Each article prepared in English must be supplemented with a thorough summary in Polish
(e.g. 2 pages), including the essential formulas, tables, diagrams etc. The Polish summary
must be written on a separate page. The articles will be reviewed and their Englisk
correctness will be verified.

2. COVERING THE PUBLISHING EXPENSES BY AUTHORS

Starting from No’2007 of E&T Quarterly, a principle of publishing articles against payment
is introduced, assuming non-profit making editorial office. According to the principle the
authors or institutions employing them, will have to cover the expenses in amount of 760
PLN for each publishing sheet. The above amount will be used to supplement the limited
financial means received from PAS for publishing; particularly to increase the capacity of
next E&T Quaterly volumes and verify the English correctness of articles. It is neccessary
to increase the capacity of E&T Quarterly volumes due to growing number of received
articles, which delays their publishing.

In case of authors written request to accelerate the publishing of an article, the fee will
amount to 1500 PLN for each publishing sheet.

In justifiable cases presented in writing, the editorial staff may decide to relieve authors
from basic payment, either partially or fully. The payment must be made by bank transfer
into account of Warsaw Science Publishers The account number: Bank Zachodni WBK
S.A. Warszawa Nr 94 1090 1883 0000 0001 0588 2816 with additional note: “‘For
Electronics and Telecommunications Quarterly”.
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“Dear Authors,

Electronics and Telecommunications Quarterly continues tradition of the ‘“‘Rozprawy
Elektrotechniczne” quarterly established 53 years ago.

The E&T Quarterly is a periodical of Electronics and Telecommunications Committee
of Polish Academy of Science. It is published by Warsaw Science Publishers of PAS. The
Quarterly is a scientific periodical where articles presenting the results of original,
theoretical, experimental and reviewed works are published. They consider widely
recognised aspects of modern electronics, telecommunications, microelectronics, optoelec-
tronics, radioelectronics and medical electronics.

The authors are outstanding scientists, well-known experienced specialists as well as
young researchers — mainly candidates for a doctor’s degree.

The articles present original approaches to problems, interesting research results,
critical estimation of theories and methods, discuss current state or progress in a given
branch of technology and describe development prospects. The manner of writing
mathematical parts of articles complies with IEC (International Electronics Commision)
and ISO (International Organization of Standardization) standards.

All the articles published in E&T Quarterly are reviewed by known, domestic
specialists which ensures that the publications are recognized as author’s scientific output.
The publishing of research work results completed within the framework of Ministry of
Science and Higher Education GRANTs meets one of the requirements for those works.

The periodical is distributed among all those who deal with electronics and
telecommunications in national scientific centres, as well as in numeral foreign institutions.
Moreover it is subscribed by many specialists and libraries.

Each author is entitled to free of charge 20 copies of article, which allows for easier
distribution to persons and institutions domestic and abroad, individually chosen by the
author. The fact that the articles are published in English makes the quarterly even more
accessible.

The articles received are published within half a year if the cooperation between author
and the editorial staff is efficient. Instructions for authors concerning the form of
publications are included in every volume of the quarterly; they may also be obtained in
editorial office.

The articles may be submitted to the editorial office personally or by post; the editorial
office address is shown on editorial page in each volume.

Editors
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Decomposition of Boolean Function Sets

MARIUSZ RAWSKI

Warsaw University of Technology
Institute of Telecommunications
Nowowiejska 15/19 Warszawa, Poland
e-mail: rawski@tele.pw.edu.pl
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The functional decomposition is recognized as very efficient synthesis method of digi-
tal circuits. Logic circuits have usually many outputs. Independent synthesis of each output
is inefficient. There are several methods that allow decomposing multiple-output function,
One of them is decomposition based on blanket calculus. However this method requires
the multiple-output function to be represented as single truth table, This limits in the great
degree the synthesis strategies that can be used. In this paper new method o functional de-
composition based on blanket calculus is presented. This method allows the multiple-output
function to be represented as a set of separate truth tables for each output. This allows the
designer to apply a much wider range of synthesis strategies.

Keywords: Boolean function sets, logic synthesis, functional decomposition

1. INTRODUCTION

Functional decomposition is a logic synthesis method that has recently gained
much recognition. The main reason is the evolution of field programmable gate-arrays
(FPGAs) as a new technology for digital system implementation. Architecture of FPGA
is based on the lookup table (LUT) as basic building block. An n-input LUT is capable
of implementing any Boolean function of up to n variables. Thus, logic synthesis
for LUT-based FPGAs must transform a logic network into network that consists of
nodes with up to » inputs only. Each node of such network can be then implemented
by a single LUT. For this reason, for the case of implementation targeting FPGA
structure, decomposition is a very efficient method. Functional decomposition relies on
breaking down a complex system into a network of smaller and relatively independent
co-operating sub-systems, in such a way that the original system’s behavior is preserved.
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A system is decomposed into a set of smaller subsystems, such that each of them is
easier to analyze, understand and synthesize. Decomposition allows synthesizing the
Boolean function into multilevel structure that is built of components, each of which
is in the form of LUT logic block specified by truth tables.

Since the Ashenhurst-Curtis decomposition have been proposed, the research has
been focused in forming new decomposition techniques [8]. The researchers have de-
veloped many types of decompositions, but they are still based on Ashenhurst’s ideas.
Thanks to the fact that the functional decomposition gives very good results in the
logic synthesis of combinational circuits, it is viewed for the most part, as a synthesis
method for implementing combinational functions into FPGA-based architectures [2],
[4], [9], [16]. However, the decomposition-based method can be used beyond this
field. Decomposition-like synthesis methods are not limited only to logic synthesis of
digital circuits. The strong motivation for developing decomposition techniques comes
recently from modern research areas such as pattern recognition, knowledge discovery
and machine learning in artificial intelligence [7], [10], [14], [15].

Efficiency of functional decomposition has been proved in many theoretical papers
{11, (21, 191, [13].

Logic circuits usually have many outputs. The functional decomposition in such
case has additional advantage, since it allows extracting shared logic. However the syn-
thesis of multi-output circuit requires such representation of multiple-output function
that allows efficient creation of sub-circuits common to all of the outputs. There have
been proposed methods to represent multiple-output functions by using compact binary
decision diagrams (BDDs). One of the first methods is a multi-terminal binary decision
diagram (MTBDD) [12]. Unfortunately, MTBDDs tend to be too large to construct.
The second method is a binary decision diagram (BDD) for the characteristic function
(CF) of the multiple-output function. The advantage of the CF is its small evaluation
time. CFs are used in logic simulation and multi-level logic optimization [3]. The third
method is a shared binary decision diagram (SBDD) {12]. In many cases, SBDDs are
smaller than corresponding MTBDDs and BDDs for CFs. Recently an encoded cha-
racteristic function for non zero outputs has been proposed for compact representation
of multi-output Boolean function [11].

A very promising decomposition alternative based on the blanket calculus appro-
ach to circuit synthesis has been proposed in [5]. This synthesis process does not
use the technology independent optimization phase, because this would destroy the
design-freedom represented by “don’t cares” of the original function specification and
construct the network without any relation to the actual synthesis target. The functional
decomposition is applied directly to the original function specified by truth table in
order to use its whole design-freedom to directly construct a feasible network of LUTSs
optimized for a given FPGA. Moreover, the concept of parallel decomposition was
introduced and effectively applied in the so called balanced decomposition method [6].
Based on the input variable analysis of each single output of a multi-output function
F, parallel decomposition separates [ into two or more sub-functions, each of which
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has as its inputs and outputs a subset of the original inputs and outputs of F. Although
the decomposition method uses a mix of both the classic functional decomposition
and parallel decomposition, the crucial process in the whole mapping is the functional
decomposition, which — in contrast to parallel — is called serial decomposition.

Functional decomposition methods based on BDD, as well as on blanket calculus
require the decomposed multi-output function to be represented as single BDD or truth
table. This makes decomposition of function sets difficult task, when single functions
depend on different sets of input variables or are specified by different input patterns.

In the paper a method based on blanket calculus for functional decomposition of
function sets is presented. Separate functions can be specified by truth tables with
different input patterns and can depend on different input variables. Method allows
computing decomposition for any subset of functions, if only a set of input varia-
bles common for all decomposed function can be found. The method allows much
greater control over the multilevel decomposition process in comparison to balanced
decomposition.

After an introduction to cube representation of function, blanket calculus is pre-
sented. Following that functional serial decomposition is described. Next the balanced
decomposition is discussed. Subsequently new method is described and compared to
balanced decomposition.

2. BASIC THEORY

Here only some information that is necessary for an understanding of this paper
is reviewed. More detailed description of functional decomposition based on partition
calculus can be found in [1].

2.1. CUBE REPRESENTATION OF BOOLEAN FUNCTIONS

A Boolean function can be specified using the concept of cubes (input terms,
patterns) representing some specific sub-sets of minterms. In a minterm, each input
variable position has a well-specified value. In a cube, positions of some input variables
can remain unspecified and they represent “any value” or “don’t care” (-). A cube may
be interpreted as a p-dimensional subspace of the n-dimensional Boolean space or as
a product of n — p variables in Boolean algebra (p denotes the number of components
that are ‘-’). Boolean functions are typically represented by truth tables. Truth table
description of function using minterms requires 2" rows for function of n variables.
For function from Table la truth table with 2° = 64 rows would be required. Since
cube represents a set of minterms, application of cubes allows for much more compact
description in comparison with minterm representation. For example cube 0101-0 from
row 1 of truth table from Table la represents set of two minterms {010100, 010110}.
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For pairs of cubes and for a certain input subset B, we define the compatibility
relation COM as follows: each two cubes S and 7" are compatible (i.e. S, 7 € COM(B))
if and only if x(S) ~ x(T) for every x ¢ B. The compatibility relation ~ on {0, —, 1}
is defined as follows [1]: 0 ~ 0, -~ -, 1 ~ 1,0~ -, 1 ~ - -~ 0, - ~ 1, but the pairs
(1, 0) and (0, 1) are not related by ~. The compatibility relation on cubes is reflexive
and symmetric, but not necessarily transitive. In general, it generates a “partition” with
non-disjoint blocks on the set of cubes representing a certain Boolean function F. The
cubes contained in a block of the “partition” are all compatible with each other.

“Partitions” with non-disjoint blocks are referred to as blankets [1]. The concept
of blanket is a simple extension of ordinary partition and typical operations on blankets
are strictly analogous to those used in the ordinary partition algebra.

Table 1

Set of two Boolean function: a) y; = f(x1, x2, X3, X4, X5, X7), b) ¥2 = f(x1, X3, Xg, X7, Xg)

a) b)

Xp X2 X3 X4 X5 X7 | )1 Xt X3 Xg X7 Xg )2
1161 01 - 0]0 101 0 1 -0
2/01 0 - 0 0/0 211 0 - 010
3/- 100 0 ~10 310 - 1 - =11
40 1 01 1 -0 40 - - 0 ~|1
50 61 - - 110 5/- 0 - 1 011
6{- - 1 1 - 110 611 1 0 - 111
711 -1 1 0 -0 7i- 1 1 1 -1
810 0 - - - 0]1
9|- 1 0 0 1 -1
10/t - 10 - -1

2.2, REPRESENTATION AND ANALYSIS OF BOOLEAN FUNCTIONS WITH BILLANKETS

A cover on a set S is such a collection of (not necessary disjoint) subsets B; of S,
called blocks, that
| JBi =5

The product of two covers o; and ¢ is defined as follows:
oyreoy ={B;NB;|B;eo; and B; € 0,}.

A blanket on a set § is a cover 8 = {Bj, ..., By} of nonempty and distinct subsets
of S, called blocks.
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Define “nonempty” operator ne as follows. For any set {S;} of subsets of set S, ne{S;}
is {S;} with empty subset removed, if was originally present and only one instance of
block if more similar block were originally present.

The product of two blankets 8, and 3, is defined as follows:

BrepBr=ne(B;NB;|B;€ B and B; € f,}.

For two blankets we write 8; < 3, if and only if for each B; in 8; there exists a
B; in By such that B; C B;. The relation < is reflexive and transitive.

Each block B; of cover (blanket) has its cube representative r(B;) that indicates
the value of variables inducing this cover (blanket) corresponding to this block.

Example 1 (Blanket-based representation of Boolean functions).

For function F* from Table 1a, the blankets induced by particular input and output
variables on the set of function F’s input patterns (cubes) are as follows:

Be =1{B1; B2} =1{1,2,3,4,5,6,8,9,3,6,7,9,10},
Bx2 =1{5,6,7,8,10;1,2,3,4,6,7,9, 10},

By =1{1,2,3,4,8,9;5,6,7,8, 10},

Bra =12,3,5,8,9,10:1,2,4,5,6,7,8},

Bes =1{1,2,3,5,6,7,8,10;1,4,5,6,8,9, 10},

Bxr =11,2,3,4,7,8,9,10;3,4,5,6,7,9, 10},

By =1{1,2,3,4,5,6,7;8,9,10}.

The representative of block B; of blanket B, is #(B;) = 0, since variable x; has
value O for input patterns 1, 2, 3, 4, 5, 6, 8, 9. Similarly for block B, of blanket
By representative is #(B;) = 1.

Product of blankets Sy, 84, Bys presented as cover 07xpu4,4 may have empty and
repetitive blocks.

O x2x4x5 = Px2 @ Bra ® Bys = {B1; By; B3; Ba; Bs; Bg; By; B} =
=15, 8, 10;5, 8, 10; 5,6, 7, 85,6, 8;2,3,9, 10;9, 10; 1, 2, 4, 6, 7; 1, 4, 6.

The cube representative of a block B; of cover oy is r(B3) = 010, since this
block was obtained from blocks By of By, By of B4 and By of §,s. The representatives
of these blocks are respectively 0, 1 and 0. Representatives of cover’s blocks are always
minterms.
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Product of blankets 8,2, B, x5 presented as blanket By2.4ys has empty and repe-
titive blocks removed.

Birvars = Baz  PBra ® Bus = {B1; By By By; Bs; Bs; By} =
=1{5,8,10;5,6,7,85,6,8,2,3,9, 109, 10; 1, 2, 4, 6, 7; 1, 4, 6}.

The relationship between blocks of Byrays and their cube representatives r(B),
relies on containment of block B; in blocks of blankets used in product. Denoting
blocks of Biyars as By through By, we have r(B;) = 00—. This is because By = {5, 8,
10} is included in the first blocks of £,2, 84 and in both blocks of B,s. For B, = {5, 6,
7, 8}, we have: B, is included in the first block of B,,, in the second block of x4 and
in first block of S,s. Hence, r(B,) = 010.

Information on the input patterns of a certain function F is delivered by the
function’s inputs and used by its outputs with precision to the blocks of the input and
output blankets. Knowing the block of a certain blanket, one is able to distinguish the
elements of this block from all other elements, but is unable to distinguish between
elements of the given block. In this way, information in various points and streams of
discrete information systems can be modeled using blankets.

2.3. FUNCTIONAL SERIAL DECOMPOSITION

The set X of function’s input variable is partitioned into two subsets: free variables
U and bound variables V, such that UUV = X. Assume that the input variables x1, ..., x,
have been relabeled in such way that:

U ={x,..,x} and

Vo= {Xnostts o Xn)-

Consequently, for an n-tuple x, the first » components are denoted by xY, and the
last s components, by x".

Let F be a Boolean function, with n > 0 inputs and m > 0O outputs, and let (U, V)
be as above. Assume that F is specified by a set F of the function’s cubes. Let G be a
function with s inputs and p outputs, and let H be a function with r + p inputs and m
outputs. The pair (G, H) represents a serial decomposition of F with respect to (U, V),
if for every minterm b relevant to F, G(b") is defined, G@®Y) € {0,1}p., and F(b) =
H®Y,G(")). G and H are called blocks of the decomposition (Fig. 1).

Theorem 1. Existence of the serial decomposition [1].

Let By, By, and Br be blankets induced on the function’s F input cubes by the
input sub-sets V and U, and outputs of F, respectively.

If there exists a blanket B on the set of function F’s input cubes such that 8y < fg,
and By ® B < Br, then F has a serial decomposition with respect to (U, V).

Proof of Theorem 1 can be found in [1].

As follows from Theorem 1 the main task in constructing a serial decomposition
of a function F with given sets U and V is to find a blanket S which satisfies the
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Fig. 1. Schematic representation of the serial decomposition

condition of the theorem. Since S must be > Sy, it is constructed by merging blocks
of By as much as possible.

Two blocks B; and B; of blanket Sy are compatible (mergeable), if blanket y;;
obtained from blanket 8y by merging B; and B; into a single block satisfies the second
condition of Theorem 1, that is, if By e y;; < Br. Otherwise blocks B; and B; are
incompatible (unmergeable). A subset § of blocks of the blanket By is a compatible
class of blocks if the blocks in § are pairwise compatible. A compatible class is
maximal if it is not contained in any other compatible class.

From the computational point of view, finding maximal compatible classes is
equivalent to finding maximal cliques in a graph I = (N, E), where the set N of
vartices is the set of blocks of By and set E of edges is formed by set of compatible
pairs.

The next step in the calculation of B is the selection of a set of maximal classes,
with minimal cardinality, that covers all the blocks of By. The minimal cardinality
ensures that the number of blocks of s, and hence the number of outputs of the
function G, is as small as possible.

In certain heuristic strategies, both procedures (finding maximal compatible clas-
ses and then finding the minimal cover) can be reduced to the graph coloring pro-

" blem. Calculating B corresponds to finding the minimal number k of colors for graph

I'=(N,E).

Example 2. For the function from Table 1a specified by a set F of cubes numbered
I through 10, consider a serial decomposition with U = {x,, x4, x5} and V = {x1, x3, x7}.
We find

BU :ﬁx2x4x5 :ﬁxZ.,Bxél'ﬁxS = {57 8a 107 5) 69 7a 87 27 37 10’ 1a 27 6’ 77 97 107 17 4’ 6 }7
ﬁv :ﬁx1x3x7 :ﬁxl ‘ﬁx3 ‘/B)ﬂ = {15 2, 3$ 47 87 99 3) 47 978) 59 65 é_,—.§, 77 10 9 6’ 7) 10}7
IBF :ﬁyl = {1’ 2’ 39 47 55 6, 7’ 8) 97 10}
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For 3 By B> By By Bs Bg B
or bv = {1,2,3,4,8,9;3,4,9; 8. 5.6,3,9;7,10,6,7, 10
unmergeable pairs: (By, Bq), (By, Bs), (By, B7), (Ba, Bg), (Ba, B7), (B3, Bs), (B3, Bg),
(B3, B7), (B4, Bg), (B4, B7), (Bs, Bg) and (Bs, By). Using graph coloring procedure we
find that three colors are needed here (Fig. 2). —

the following are the

s

Fig. 2. Incompatibility graph of Sy’s blocks for function y;

Vertices By, By are assigned one color, nodes B,, By, Bs are assigned second color
and third color is assigned for nodes Bg, B;7. The sets of vertices assigned to different
colors form the blocks of S¢.

ﬂG:{172,374,8,9;374’5’679;677,10}

It is easily verified that B¢ satisfies the condition of Theorem 1. Thus function F
has a serial decomposition with respect to (U, V).

Since B¢ has 3 blocks, to encode blocks of this blanket two encoding bits g; and
&> have to be used. Let us assume that we use the encoding

4 - 00 01 10
“711,2,3,4,8,9,3,4,5,6,9:6,7,10 | °

To define a function G by a set of cubes we calculate all the cube representatives
r(B;), assigned to each block B; of Sy. The relationship between blocks of Sy and their
cube representatives r(B;), relies on containment of block B; in blocks of £,; from
Xy evV.

Denoting blocks of By from Example 2 as B through B, we have r(By) = 000.
This is because By = {1, 2, 3, 4, 8, 9} is included in the first blocks of 5,1, B and B,7.
For B, =3, 4,9, we have: B; is included in the first block of 8y, in the first block ;3
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and in both blocks of f,7. Hence, r(B;) = 00-. Similarly r(B3) = 0-0, r(By) = 011,
r(Bs) = —0—, r(Bg) = 11—, r(By) = 111.

Finally, the value of function G is obtained on the basis of containment of blocks
B; in blocks of B¢. Block By = {1, 2, 3, 4, 8, 9} of blanket By is contained in block
B¢ that has been encoded with 00. Since r(B;) = 000 we have G(r(B})) = G(x; = 0,
x =0, x¢ = 0) = 00. Similarly, G(r(B3)) = 00, G(r(By)) = 01, G(r(Bg)) = 10 and
G(r(B7)) = 10. However block B, = {3, 4, 9} is contained in two blocks of Bg (one
encoded “00” and second “01”). The representative “00-" of this block has nonempty
product with representative “000” of B; and representative “0-0” of Bs, which was
assigned output “00”. To avoid conflicts we must subtract cubes “000” and “0-0”
from cube “00-". The result is cube “001” that may be assigned output “01”. The
same applies to block Bs. The representative “~0-" of this block has nonempty product
with representative of By and B;, which was assigned output “00”. We must subtract
cubes “000” and “0-0” from cube “0—0” and the result in form of cube “10~" may
be assigned output “01”.

Truth table of function G is presented in Table 2a.

To compute the cubes for function H we consider each block of the product By .
Their representatives are calculated in the same fashion. Finally, the outputs of H are
calculated with respect to 8 (Table 2b).

Table 2

2a. Function G of the serial decomposition 2b. Function H of the serial decomposition
X1 X3 X7 &1 & X2 X4 X5 81 82 i
1 0 0 0 0 0 1 1 1 - 0 0 0
2 0 0 1 0 1 2 1 - 0 0 0 0
3 0 - 0 0 0 3 1 0 0 0 0 0
4 0 1 1 0 1 4 1 0 0 0 1 0
5 1 0 - 0 1 5 1 1 1 0 0 0
6 1 1 - 1 0 6 1 1 1 0 1 0
7 1 1 1 1 0 7 0 1 1 0 1 0
8 - 1 - 0 1 0
9 - 1 - 1 0 0
10 | - 1 0 1 0 0
11 0 - - 0 0 1
12 1 0 1 0 0 1
13 1 0 1 0 1 1
4] - 0 - 1 0 1
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The process of functional decomposition consists of the following steps:

~ the selection of an appropriate input support V for block G (input variable parti-
tioning),

— the calculation of the blankets Sy, 8y and S,

— the construction of an appropriate multi-block blanket s (this corresponds to the
construction of the multi-valued function of block G),

— the creation of the binary functions A and G by representing the multi-block blanket
Be as the product of a number of certain two-block blankets (this is equivalent to
encoding the multi-valued function of block G defined by blanket B with a number
of binary output variables).

3. BALANCED FUNCTIONAL DECOMPOSITION

Balanced decomposition relies on partitioning of a switching function with either
parallel decomposition or serial decomposition applied at each phase of the synthesis
process. Serial decomposition brakes the initial, possibly multi-output function into two
cooperating blocks (Fig. 1). In the parallel decomposition, the set of output variables
Y of a multi-output function F' is partitioned into subsets, Y, and Y}, and the corre-
sponding functions, G and H, are derived so that, for either of these two functions, the
input support contains fewer variables than the set of input variables X of the original
function F (Fig. 3). An objective of the parallel decomposition is to minimize the input
support of G and H. Parallel decomposition brakes initial multi-output function into
two independent block.

X
l

% %

Fig. 3. Schematic representation of the parallel decomposition

The serial and parallel decompositions are intertwined in a top-down synthesis
process to obtain the required topology. At each step, either parallel or serial decom-
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position is performed, both characterized by operation input parameters. Intertwining
of serial and parallel decomposition strategies opens up several interesting possibilities
in multilevel decomposition. Experimental results show that the right balance between
the two strategies and the choice of operation parameters severely influence the area
and depth of the resultant network.

Table 3

Truth table of function F

type fr

110

02

p25
0101000000 00
1110100100 00
0010110000 10
0101001000 10
1110101101 01
0100010101 01
1100010001 00

0001001110 01
0110000110 01
1110110010 10
0111100000 00
0100011011 00
0010111010 01
0110001110 00
0110110111 11
0001001011 11
1110001110 10
0011001011 10

0011101110 01 0010011010 01

€.

Example 3. The influence of the parallel decomposition on the final result of the
FPGA-based mapping process will be explained with the function F given in Table
3, for which cells with 4 inputs and 1 output are assumed (this is the size of Altera’s
FLEX FPGASs).

As F'is a ten-input, two-output function, in the first step of the decomposition either
parallel or serial decomposition can be applied. If we first apply serial decomposition
(Fig. 4), then the algorithm extracts function g with inputs x;, x3, x4, and xg, thus
the next step deals with seven-input function k, for which again serial decomposition
is assumed, now resulting in block g, with 4 inputs and 2 outputs (implemented by
2 Logic Cells ~ LC). It is worth noting that the obtained block g takes as its input
variables xo, X3, xs, and x;, which, fortunately, belong to primary variables, and
therefore the number of levels is not increased in this step. In the next step we apply
parallel decomposition. Parallel decomposition generates two components, both with
one output but 4 and 5 inputs, respectively. The first one forms a logic cell. The second
component is subject to two-stage serial decomposition shown in Fig. 4. The obtained
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network can be built of 7 (4 to 1) cells, where the number of levels in the critical path
is 3.

Xy X I1I314x6 xoxzxj 7
‘ LC l [ 2L.Cs !
v v
[rmand
\w-—.
Y v v

I LC I 2L.Cs
Y

Fig. 4. Decomposition of function F' where serial decomposition is performed first

Decomposition of the same function such that the parallel decomposition is applied
in the first step leads to completely different structure (Fig. 5). Parallel decomposition
applied directly to function F, generates two components both with 6 inputs and
one output. Each of them is subject to two-stage serial decomposition. For the first
component, a disjoint serial decomposition with four inputs and one output can be
applied. The second component can be decomposed serially as well, however with the
number of outputs of the extracted block G equals to two. Therefore, to minimize the
total number of components, a non-disjoint decomposition strategy can be applied.

Ko Xy Xg Xy Ry Xy Xg Yoy Xg Xg

b4

G1(LC) l Gy (LC)I
v

| Hy (LG)] L Hz (o)
Yo Y1

Fig. 5. Decomposition of function F where parallel decomposition is performed at first

The main consequence of application of parallel decomposition in balanced decom-
position process is inability to construct common sub-functions for outputs belonging
to different subsets Y, and Y, anymore. Since parallel decomposition brakes initial
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multi-output function into two independent block, after this kind decompositions is
applied blocks G and H are further synthesized in separate processes. This limits in
grate degree possible synthesis strategies influencing quality of obtained result.

4. DECOMPOSITION OF FUNCTION SETS

There are many methods for decomposition of multi-output Boolean functions.
These methods are mostly developed for cube or BDD-based representation of logic
circuit. However, the common characteristics of these method is requirement, that
decomposed multi-output Boolean function is represented by single truth table in case
of cube representation or single BDD. In case of BDD, this causes the necessity of
development of special techniques that allow efficiently representing many functions
with single BDD. Since Boolean functions can be not fully specified (can have don’t
cares) and each function can depend on different input variables it is difficult to find
efficient solution to this problem [11].

In case of decomposition methods based on cube representation it is easier, since
to represent multi-output Boolean function espresso format can be used. However cube
representation can be very inefficient when many functions which depend on different
input variable have to be decomposed. Here a method for decomposition of Boolean
function sets based on cube representation is presented.

The logic multi-output circuit of # input variables X can be represented as a set of
Boolean functions fi(X)),..., fu(X,), where X; is sub-set of X. In general case each
single function may depend on different subset of input variables and can be described
by different set of cubes. Application of serial functional decomposition based on
blanket calculus is impossible in this case. We propose the modified serial functional
decomposition algorithm that allows decomposing function sets described by separate
truth tables, even if each single function depends on different subset of input variables
and truth tables consist of different sets of cubes.

When decomposing a set of Boolean functions fi,..., f, it is necessary to find
such sub-function G that satisfies decomposition condition for each function:

Ji = U, GV)),

fa = kU, GV)),

Jm = hm(UmsG(V))

Decomposition process consists of few steps. First an appropriate input support V
has to be selected for block G (input variable partitioning). In case function are specified
by different truth tables such set V has to be selected that is subset of input variables
of each decomposed function (V must consist variables common to all decomposed
function). Next for each function f; blankets Bui,Bvi and By; have to be computed.
Since truth tables of each function may consist different cubes, blankets Bu:, Bvi and
Byi for each function may be different. Having this done an appropriate multi-block
blankets B; have to be constructed. In functional decomposition algorithm construction
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of this blanket corresponds to the construction of the multi-valued function of block
G. Since we want to find the decomposition with the same block G for all functions f;,
such blankets B¢; should be created that satisfy decomposition condition for all these
functions and correspond to the same function G at the same time.

Blanket B¢ is constructed by merging blocks of By as much as possible. In this
process graph is used, where each vertex corresponds to one of blocks of blanket By.
Two vertices are connected with an edge if corresponding blocks are unmergeable.
Next graph is colored and blocks s are created by merging blocks of blanket By
that have been assigned this same color and binary code is assigned to each block.
Representatives of blocks of blanket By and codes assigned to blocks of blanket B¢
are used to create function G (Example 2).

To create block G satisfying decomposition condition for all decomposed functions
Sfi»--+, fm such graph should be created that represents mergeability of blocks of all
blankets By;. However, in general case each function can be described by different set
of cubes. This implies that blankets By; for each function would be different (number
of blocks may be different and representatives of blocks may be different) and common
graph cannot be created.

Example 4. For the function from Table 1b consider a serial decomposition with
U ={x¢, xg} and V = {x1, x3, x7}.
We find

Ba =11 3,457,2,5,6, 7},
B =13, 4,51, 2,3,4,6,7},
B =11, 2, 4,5,6;3, 4, 5, 7},

3

2

2

By =12, 3, 4,61, 2, 3, 5, 6, 7},
Bw=1{1,2 3, 47571, 3, 4, 6, 7},

By =11, 2,3, 4,5,6, 7).

Then

Bu=11,2,4,5;1, 4, 6,3, 4,5,7; 3, 4,7},
By =3, 5.3, 41, 3, 7,5, 2, 6,2, 6, 7.

Using graph coloring procedure we find that three colors are needed thus the
blanket 8 will have 3 blocks (Fig. 6). Let us assume that we use the encoding

5 - 00 01 10
“713,4,51,3,7.2,6,7 ]

The function G will have 3 input variables and 2 output variables (Tab. 4).
Although decompositions of function from Table 1a and b allow constructing block
G with the same input variables (Example 2 and 4) using decomposition method based
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vy

Fig. 6. Incompatibility graph of By’s blocks for function y,

Table 4
Function G of the serial decomposition of function from Table 1b
X1 X3 X &1 &
1 0 - 0 0 0
2 0 1 1 0 1
3 - 0 1 0 0
4 1 1 - 1 0

on blanket calculus it is impossible to construct common block G. This is because
graphs from Fig. 2 and Fig. 6 represent completely different information since have
different number of vertices and their vertices represent blocks with different represen-
tatives, i.e vertex B; in Fig. 2 corresponds to block for which the representative is 7(B)
= 000, while vertex B; in Fig. 6 corresponds to block for which the representative is
r(By) = 001.

To solve the problem the decomposition methods is proposed that instead of com-
puting blanket By computes the cover oy. Representatives of blanket’s blocks are cubes
because blankets have empty or repetitive blocks removed. This is not a case when
covers are used. In covers all blocks are preserved, therefore representatives of blocks
are minterms. This means that covers are not sensitive to different cube representations
of function if block representatives are taken into account. Covers induced by k va-
riables always have 2% blocks and representative of each block is one of 2% minterms
of size k. If only two covers oy and oy, are induced by the same input variables
representatives of corresponding blocks of these covers are similar, although they may
be induced on different sets of cubes.
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This allows easy computation of decomposition for sets of Boolean function. Al-
gorithm is presented in Figure 7.

Input: truth tables of functions fi,., Iy

Output: function G being common sub-function of all
functions fi, .., fn

(1) select set V of input variables common for all
functions fi,.., fn

(2) for each function f£; compute blankets Byi, Bs: and
cover Oyy

(3) for each function f; create incompatibility graph
FJ‘. = (Nr E)
(4) for each graph I'; = (N, E) find such colouring that

assigns the same colour to corresponding vertices
of each graph

(5) encode each colour with binary variables

(6) comstruct function G by using representatives of
blocks corresponding to vertices as input patterns
and codes assigned to vertices’ colours as output
patterns

Fig. 7. Functional decomposition algorithm for set of Boolean functions

In proposed algorithm first set V of input variables is chosen. Since in decompo-
sition process sub-function G common to all functions has to be computed, variables
from set V have to be common to all functions. Next blankets By, 87 and cover oy;
is computed for all functions. Covers oy; are induced by the same input variables,
thus each of them has the same number of blocks and representatives of corresponding
blocks of these covers are similar. This allows creating a graph I'; = (N, E) for each
function f; with the same number of vertices. The most important step in this algorithm
is introduction of such coloring that assigns the same color to corresponding nodes of
all graphs I';. Ones, such coloring is found function G is constructed in similar way like
in case of functional decomposition algorithm based on blanket calculus (Example 2).
Each color is assigned a binary code. Next truth table of function G is created by using
representatives of cover oy;’s blocks as input patterns and codes assigned to vertices’
colors as output patterns. The presented algorithm is demonstrated in Example 4.

Example 5. For the functions from Table 1a and b consider a serial decomposition
with bound set consisting variables x;, x3, x7. For function y; we have:

Uy = {x2, x4, x5},

Vi = {x1, x3, X7}

Bui = Braeaxs = {5, 8,10;5,6,7,8,2,3,10;,1,2,6,7,9,10; 1, 4,6 },

oy = e = (1, 2,3, 4,8, 9,3, 4,98, 5,6;3,93,9, 7,105 6,7, 10}.
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For function y, we have:
Uz = {x, xs},

Vo = {x1, x3, 27},

/BUZ :ﬁx(u?% = {17 29 45 59 1) 4: 6’ 37 47 5) 77 3’ 43 7}&

Covers oy, and oy, are induced by the same input variables. Although they
are induced on different sets of cubes, representatives of corresponding blocks of
these covers are similar. Representative of first block of cover oy as well as oy, is
r(B;) = 000. Similarly representative of last block of both covers is r(B7) = 111.

1)

Fig. 8. Incompatibility graph of blocks oy for: @) function y;, b) function y,

Figures 8a and b present incompatibility graphs of o,’s blocks for function y,
and y, respectively. Such coloring of these graphs is introduced that corresponding
vertices have the same color assigned. Three colors are needed, thus two encoding
binary variables are necessary. Appropriate B¢ are as follows:

B = 00 01 10
“1711,2,3,4,8.9.3.4.5.6,9.6.7.10

,3(;2={ 00 o1 10 }

3,4,5;1,3,7,2,6,7
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Ones such coloring is found functions G can be constructed. Vertices B, of both
graphs correspond to blocks of covers oy and oy, for which representatives are r(B})
= 000. These blocks are contained in blocks of blankets S5, and Bg, that have been
encoded with 00. Thus the first row in function G for both decomposed function will
have input pattern 000 and output pattern 00. It is easy to verify that all rows will
be the same, thus the same function G has been found that satisfies decomposition
condition for both decomposed function:

y1 = hi(xa, x4, x5, G(xy, X3, X7)),
v = ha(xe, x5, G(xt, x3, X7)).

Truth table of function G is presented in Table 5.

Table 5
Function G of the serial decomposition of function from Table 1a and b

X X3 X6 81 82
1 0 0 0 0 0
2 0 0 1 0 0
3 0 1 0 0 0
4 0 1 1 0 1
5 1 0 0 0 0
6 1 0 1 0 0
7 1 1 0 1 0
8 1 1 1 1 0

5. CONCLUSIONS

Logic circuits usually have many outputs. There are many methods for decomposi-
tion of multi-output Boolean functions. These methods are mostly developed for cube
or BDD-based representation of logic circuit. However, the common characteristics
of these method is requirement, that decomposed multi-output Boolean function is
represented by single truth table in case of cube representation or single BDD.

The proposed decomposition method allows decomposing set of Boolean functions
described by separate truth tables. Decomposed functions may depend on different in-
put variables and can be described by different set of cubes. Application of covers
in decomposition algorithm allows efficiently create sub-functions common for all de-
composed functions. This allows the designer to apply a much wider range of synthesis
strategies.
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In this article we have given an overview of different scheduling algorithms for
virtual output queuing switches. We have also proposed three new scheduling algorithms
for VOQ switches called Hierarchical Round-Robin Matching (HRRM), Matching
Matching with Random Selection (MMRS) and Maximal Matching with Round-Robin
Selection (M M RRS). Evaluation of the proposed algorithms was performed under Bernoulli
and bursty packet arrivals with uniform and non-uniform distributions to output ports.
Performance evaluation of the proposed algorithm under different traffic models is given
and compared with other well-known algorithms. The simulation results show that MMRRS
and HRRM achieves 100% throughput and low MTD for high loads.

Keywords: packet scheduling algorithms, Virtual Output Queuing switches, packet switching

1. INTRODUCTION

Virtual Output Queuing (VOQ) switches, in which one queue per output is alloca-
ted at an input port, were proposed to remove head-of-line (HOL) blocking problem.
Each arriving packet is classified and then queued in an appropriate VOQ according
to its determined destination output port (Figure 1). VOQ was first proposed in Tamir
[1]. However, since each input port can transmit only one packet in a time slot and one
output port can receive also only one packet in a time slot, a proper scheduling algori-
thm is needed for choosing queued cells for transmission. Such a scheduling algorithm
must resolve output contention swiftly, provide high throughput, meet quality-of-service
(QoS) requirements, and should be easily implemented in hardware. Virtual Output
Queuing is widely used in fixed-length high-speed switches.
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Input port voa (1,1) |
Nl _-voa(?) | . Output port 1
__VOQ (I.N) Switching Fabric
VOQ (N,1)
Input port R Aebn LA CLE
NN VOQ:(N_EL L OuEpNut portN
VoA NN} a
1 Scheduler

Fig. 1. General architecture of the switch

Many algorithms have been proposed so far to schedule packets for transmission
in VOQ switches. This article introduces the new algorithms for VOQ switches called
Hierarchical Round-Robin Matching (HRRM) and Maximal Matching with Round-
-Robin Selection (M MRRS), proposed recently by us [15], [3]. We also analyze the
throughput and the Mean Time Delay (MTD) of well known scheduling algorithms
such as: Parallel Iterative Matching (PIM) [4], Iterative Round-Robin Matching ((RRM)
[5], iSLIP [6]. In addition, this paper shows that MMRRS and HRRM achieve 100%
throughput. Simulations show, that for each load the HRRM algorithm is better than
other known algorithms.

The paper is organized as follows. In section 2 and 3 the scheduling algorithms
are described. In the next section performance evaluation of the proposed algorithms
is given and compared with other algorithms. At the end some conclusions are given.

2. THE SWITCH ARCHITECTURE

The general architecture of the switch considered in the paper is shown in Figure 1.
At each input, cells are stored in the respective VOQ, one separate queue is maintained
at each input for each output, and denoted by VOQ (i, j), where i is the input port
number and j is the output port number, 1 < i < N,1 < j < N. The total number of
input queues in the switch is N2, Packets transmitted through the switching fabric are
fixed-length packets, and the switching fabric is nonblocking. Packets at an input port
of the switch are divided into fixed length packets and next transmitted through the
switch and put back together before they leave the switch. One packet occupies one
time slot. In one input port only one packet can arrive in one time slot. In each time
slot the scheduler selects packets for transmission in the next time slot, i.e. it finds
one-to-one matching of non-empty VOQs. The average cell arrival rate at input ¢ and
directed to output j (with i;j = 0;1;...; N — 1) is denoted by A;;; the average traffic
pattern is A = [4;;], then a schedulable flow is [7]
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N
>4 <l (1)
i=1

for all j; and

.MZ

Aij <1 @)

-~
it

for all 4.
The centralized scheduler is used to resolve output contention. Main factor in
achieving high performance of VOQ switches is the scheduling algorithm. The

architecture of the scheduler and scheduling algorithms will be considered in the next
section.

3. SCHEDULING ALGORITHMS

Scheduling algorithms for VOQ switches presented in this article can be divided
into two groups: dynamic and static. The first group of algorithms is called dynamic
because pointer upgrading depends on the number of chosen ports. The following
algorithms belong to this category: Parallel Iterative Matching (PIM) [4], Iterati-
ve Round-Robin Matching (iRRM) [5], iSLIP [6], FCES In Round-Robin Matching
(FIRM) [8]. Static algorithms belonging to the other group are based on desynchro-
nization of particular arbiter pointers, which influences the improvement of particular
algorithm’s efficiency. In each time slot pointer value is increased by one (modulo
N) regardless off the number of the chosen ports. In this section we introduce static
algorithms: Single Static Round-Robin (SSRR), Double Static Round-Robin (DSRR),
Rotating Double Static Round-Robin (RDSRR). Static algorithms were developed by

Jiang and Hamdi [9]. The basic idea is to keep full pointer-desynchronization in the
output and/or input arbiters.

3.1. DYNAMIC ALGORITHMS

The PIM algorithm

Parallel Iterative Matching (PIM) is the basic matching algorithm. PIM was de-
veloped by DEC Systems Research Center for 16-port, 1 Gbps AN2 switch [4]. PIM
uses random selection to solve the contention in inputs and outputs. [10] Furthermore,
it is an iterative algorithm. Only those inputs and outputs that are not matched at the
end of previous iterations will be eligible to participate in the next matching iteration.
All inputs and outputs are initially unmatched. Each iteration consists of three steps
and operates in parallel at inputs and outputs (Figure 2a).
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The steps are:

1. Request — Each unmatched input sends a request to every output for which it has
queued cells.

2. Grant — If an unmatched output receives any request, it grants to one by randomly
selecting a request uniformly over all requests.

3. Accept — If an input receives the grant, it accepts one by selecting an output
randomly among those that granted to this output.

In each iteration of random matching, a minimum average 75% of the remaining
possible connections are matched or eliminated [4]. No input-output connection is
starved of service, it means that no memory or state is used to keep track of how
recently a connection was made in the past. The disadvantage of PIM algorithm
is that it is expensive and difficult to implement in hardware and second. Each scheduler
must make a random selection among the members of a varying set, it can lead to
unfairness between connections. The propability that an input will remain ungranted

N-1\" 1
is ( N ) , hence as N increases, the throughput tends to 1 — o 63%. [11]

Time slots Input Chutpt Thane slots Input Outpat

””””” ™ P —

Fragent
et

A ga‘;‘ A r,mpt ’
a) PIM b) IRRM

Fig. 2. Example of scheduling algorithms in a 4x4 switch a) PIM, b) iRRM

The iRRM algorithm

The round robin algorithm is destined to overcome the complexity and unfairness
in PIM algorithm. Iterative Round Robin Matching (iRRM) overcomes the unfairness
of random matching by granting requests and accepting grants according to a round
robin priority scheme [5, 11]. Each arbiter maintains a pointer pointing at the port that
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has the highest priority. Such a pointer is called the accept pointer @; at input i or the
grant pointer g; at output j. The pointers actualization in each iteration is the same as
in the first step. Here are the three steps that each iteration must follow:

1. Request — Each unmatched input sends a request to every output for which it has
queued cells.

2. Grant — 1If an output receives any request, it chooses the one that appears next in a
fixed, round-robin schedule starting from the highest priority element. The output
notifies each input whether its request was granted. The pointer g; is incremented
(modulo N) to one location beyond the granted input. If no request is received,
the pointer stays unchanged.

3. Accept — If an input receives a grant, it accepts the one that appears next in a fixed,
round-robin schedule starting from the highest priority element. The pointer a; is
incremented (modulo N) to one location beyond the accepted output. If no request
is received, the pointer stays unchanged.

Figure 2b shows an example of one iteration of the three phases iRRM algorithm.
States of HOL cells in time slots 1, 2 and 3 are given, where black square, denotes
that the given HOL cell has a packet for transmission. a;, ay, a3, as are arbiter pointers
for input 1, 2,3 and 4, and g1, g, g3, g4 are arbiter pointers for outputs 1, 2, 3 and
4. We assume that initially all arbiter are set to 1. In this example the inputs request
transmission to all outputs that they have a cell destined for. Input 1 has HOL cells to
outputs 1 and 2, input 2 has cells to all outputs, input 3 has HOL cells for outputs 1,
2, 3, and input 4 has one cell for output 4. In step 2, among all received request, each
grant arbiter selects the requesting input that is nearest to the one currently pointed
to. Output 1 chooses input 1, output 2 chooses input 2, output 3 chooses input 3, and
output 4 chooses input 2. Each grant pointer move one position beyond the selected
one. In this case, g1 = 2,8 = 3,83 = 4,84 = 3. In step 3, each accept pointer
decides which grant is accepted. Input 1 accepts output 1. For input 2, a, is set to
I, which means the packet should be sent to output 1. However, since there is no
any packet to output 1, a; chooses the packet for output 2. Input 3 accepts output 3.
The pointer ¢; is incremented (modulo N) to one location beyond the accepted output,
then a; = 2,a, = 3,a3 =4,a4 = 1.

The reason for the poor performance of iRRM lies for updating the pointers at
the output arbiters. The main disadvantage of iRRM algorithm is blocking the cell in
some traffic patterns, when they are waiting for transmission from the input port to
the output port. The reason is to grant the output in the way, that discriminates the
particular input. [11]

The iSLIP algorithm

The iSLIP, like PIM, is an iterative algorithm and was first described in [11].
The iSLIP is a starvation-free algorithm, and it works in a similar way to iRRM, with
a small but important difference: in step 2 mentioned above, the pointer to the highest
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priority element is updated only if the grant is accepted by the input. The iSI.IP changes
the time of updating the priority pointer for single iteration and multiple iterations.

Figure 3a shows an example of iSLIP arbitration algorithm. Input 1 has one or
more cells for outputs 1, 2, input 2 has one or more cells for all outputs, input 3 has one
or more cells for outputs 1, 2, 3, input 4 has one cell for output 3. In the request step,
each input sends the request to each output. Since round-robin pointer gl is pointing
to 1, output arbiter 1 sends a grant to input 1 and updates its pointer to 2 after the
grant is granted by input 1. To consider output 2 in the grant step, since its round-robin
pointer g, is pointing to 4, output arbiter doesn’t receive request from input 4 that’s
why input 2 sends the grant to input 1. Since round-robin pointer g3 is pointing to 2,
output arbiter 3 sends a grant to input 2 and updates its pointer to 3 after the grant is
granted by input 2. For output 4, g4 is set to 3, which means the packet should be sent
to output 3. However since there is no request from inputs 3, 4, 1, output 4 chooses
input 2, and sends grant to input 2. At the end of the time slot a; is incremented to 2,
and a, is incremented to 4.
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Fig. 3. Example of scheduling algorithms in a 4x4 switch a) iSLIP, b) FIRM

The FIRM algorithm

The First Come, First Server algorithm (F/RM) was first proposed in [8]. The
specification of FIRM algorithm is as follows:

1. Request ~ All inputs send their requests to the outputs;
2. Grant — Every output sends a grant to the request that appears next in a fixed,
round-robin schedule. If the grant is accepted in Step 3, the round-robin pointer g
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is incremented (modulo N) to one location beyond the granted input. If the grant
is not accepted, pointer g is placed to the granted input. ‘

3. Accept — Every input accepts the grant that appears next in a fixed, round-robin
schedule. The pointer «; is incremented (modulo N) to one location beyond
the accepted output. A

This algorithm is the modification of iRRM and iSLIP algorithms. We can see the
difference in updating their pointers [8, 9]. The pointers are updated in all iterations
in contrast to the iSLIP algorithm. FIRM has better desynchronization effect than iSLIP.
The difference in the update of the g pointers. If the grant is not accepted, pointer
gk is placed to the Grant’ed input. In the FIRM algorithm the same cells are sent as
in the iSLIP algorithm, except that g, and g4 pointers are placed to this request for
which the Grant has not been accepted (Figure 3b).

The DRRM algorithm

The Dual Round-Robin Matching algorithm is just like iSLIP and FIRM the next
modification of iRRM algorithm. DRRM adopts the unicast style to issue the requests,
and it replaces iSLIP’s three steps with only two: Request and Grant. The input ports
send requests to the outputs, so the situation, when the one output is receiving more
then one Grant is not possible. Then, there is no need to decide which output the
acceptance signal should be send to. Therefore this step is then removed [12, 13].
In one matching cycle, DRRM has one less operational step than iSLIP, and less data
exchange is needed between inputs and outputs. This scheme follows the request —
grant steps and these are:

1. Request — Each input sends an output request corresponding to the first nonempty
VOQ in a fixed round-robin order, starting from the current position of the pointer.
The pointer remains at that nonempty VOQ if the selected output is not granted
in step 2. The pointer of the input arbiter is incremented by one location beyond
the selected output if, and only if, the request is granted in Step 2.

2. Grant — If an output receives one or more requests, it chooses the one that appears
next in a fixed round-robin schedule starting from the current position of the pointer.
The output notifies each requesting input whether or not its request was granted.
The pointer of the output arbiter is incremented to one location beyond the granted
input. If there are no requests, the pointer remains where it is.

Figure 4a shows an example of the DRRM arbitration algorithm. In a request
phase, each input chooses a VOQ and sends a request to an output arbiter. Assume
input 1 has HOL cells destined for both outputs 1 and 2. For input 1 ay is set to 4,
which means the packet should be sent to output 4. However since there isn’t any
packet to output 4, a; chooses the packet for output 1 and updates its pointer to 2 after
the request is granted by output 1. Input 2 has cells destined for all outputs. Since
round-robin pointer a, is pointing to 2, input arbiter 2 sends a request to output 2
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and updates its pointer to 3 after the request is granted by output 2. Input 3 has cells
destined for 1, 2 and 3 outputs. Input 3 sends request to output 1. Input 4 has cells
only destined for output 3 and updates its pointer to 4 after the request is granted by
output 3. To consider output 1 in the grant phase, since its round-robin pointer g, is
pointing to 1, output arbiter 1 grants input 1 and updates its pointer to 2. Output 2
receives request only from input 2, and sends grant to input 2 and the pointer is set to
3. The same situation takes place in output 3. The pointer gz is set to 1.

Grard

ay DRRM by EDRRM

Fig. 4. Example of scheduling algorithms in a 4x4 switch a) DRRM, b) EDRRM

The EDRRM algorithm

In the Exhaustive Service DRRM algorithm the pointers of inputs and outputs are
updated in a different way from DRRM. EDRRM was proposed in [13] to improve the
performance under bursty and nonuniform traffic. In EDRRM, a VOQ will keep being
served until it is exhausted. The algorithm has two steps:

1. Request — Each input moves its pointer to the first nonempty VOQ in a fixed
round-robin order, starting from the current position of the pointer, and sends
a request to the output corresponding to the YVOQ. The pointer of the input arbiter
is incremented by one location beyond the selected output if the request is not
granted in Step 2, or if the request is granted after one cell is served this VOQ
becomes empty. Otherwise, the pointer remains at that nonempty VOQ.
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2. Grant —If an output, receives one or more requests, it chooses the one that appears
next in a fixed round-robin schedule starting from the current position of the pointer.
The output notifies each requesting input whether or not its request as granted.

Figure 4b shows an example of EDRRM algorithm. Arbiters are setting initially
the same as DRRM. At the beginning of time slot 1 a; points to output 4, while g
points to input 1. Input 1 has a packet to outputs land 2. a; chooses the packet to
output I. a; is pointing to 4 and sends a request to output 4. a3 is pointing to 2, which

- means the packet should be sent to output 2. Similarly, a, requests output 3.

3.2. STATIC ALGORITHMS

The SSRR algorithm

In the SSRR (Stable Round-Robin Scheduling Algorithms) algorithm the input
pointers are set to 1’s. The output pointers are set to some initial pattern so that there
is no duplication among the pointers [14]

1. Request — Each input sends a request to every output for which it has a queued
cell.

2. Grant ~ If an output receives any requests, it chooses the one that appears next in
fixed, round-robin schedule starting from the highest priority element. The output
notifies each input whether or not its request was granted. The pointer to the highest
priority element of the round-robin schedule is always incremented by one (modulo
N) whether there is a grant or not.

3. Accept —1If an input receives a grant, it accepts the one that appears next in a fixed
round-robin schedule starting from the highest priority element. The pointer to the
highest priority element of the round-robin schedule is incremented (modulo N)
to one location beyond the accepted one.

Figure 5a shows an example of SSRR algorithm. In SSRR algorithm initially all
arbiters are set to 1. 81, &, &3, and g4 are arbiter pointers for outputs 1, 2, 3 and 4,
respectively. In this example the inputs request transmission to all outputs that they
have cells destined for. In step 2, among all received requests, each grant arbiter
selects the requesting input that is nearest to the one currently pointed to. Output 1
chooses input 1, output 2 chooses input 2, output 3 chooses input 3. Each grant pointer
is incremented by one (modulo N), than g1=2,8=3,8=4g =1 Instep 3, each
accept pointer decides which grant is accepted. Input 1 accepts grant from output 1.
Since round-robin pointer a; is pointing to 1 input 2 accepts output 2. Input 3 accepts
output 3. The pointer ¢; is incremented to one location beyond the accepted output,
than a; = 2,a; = 3,43 = 4, a, is not incremented.




260 A. BARANOWSKA, W. KABACINSKI ETQ.
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Fig. 5. Example of scheduling algorithms in a 4x4 switch a) SSRR, b) DSRR

The DSRR algorithm

For the DSRR (Double Static Round-Robin), in the initialization part, the input
pointers will be set to the same pattern as the outputs. Step 1 and 2 is the same as
in the SSRR algorithm. Step 3 — Accept is changed to:

Accept — If an input receives a grant, it accepts the one that appears next in the
fixed round-robin schedule starting from the highest priority element. The pointer to
the highest priority element of the round-robin schedule is always incremented by one
(modulo N) whether the grant is an accept or not [9].

Figure 5b shows an example of DSRR algorithm. Step 1 and 2 is the same as
in the SSRR algorithm. In step 3 all accept pointers are incremented to next position
(modulo N), than a; = 4,a;, = 1,a3 = 2,a4 = 3.

The RDSRR algorithm

For the RDSRR (Rotating Double Static Round-Robin) the output pointers are set
to the initial pattern such that there is no duplication among the pointers. The same is
done to the input pointers. Here are the three steps that each iteration must follow:

1. Request — Each input sends a request to every output for which it has a queued
cell.

2. Grant — If an output receives any requests, it chooses the one that appears next
in the fixed round-robin schedule starting from the highest priority element.
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To achieve fairness, clockwise and counter-clockwise rotation of the arbiter po-
inters are done alternatively, each for one time slot. The output notifies each input
whether or not its request was granted. The pointer to the highest priority element
of the round-robin schedule is always incremented by one (modulo N) whether
there is a grant or not.

3. Accept — If an input receives a grant, it accepts the one that appears next in the
fixed round-robin schedule starting from the highest priority element. The pointer
to the highest priority element of the round-robin schedule is always incremented
by one (modulo N) whether there is a grant or not.
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position Figure 6 shows an example of RDSRR algorithm. In the Request step, each input
sends Request to each output. Output 1 chooses input 2, output 2 chooses input 1,
output 3 chooses input 4, and output 4 chooses input 2. In step 3, each accept pointer
decides which grant is accepted. Input 1 accepts output 2, input 2 accepts output 1,
et lnput 4 accepts output 3. Each accept and grant pointer move one position (modulo N).
5 are
same is
How: 3.3. MMRS AND MMRRS ALGORITHMS
queued The general architecture of the scheduler for the Maximal Matching with Random
Selection (MMRS) and the Maximal Matchin ¢ with Round-Robin Selection (MMRRS)
ars next algorithms is shown in Figure 7a. It consists of N logical circuits called counters and

element. one circuit called the selector. Each VOQ is connected to the scheduler by means of




262 A. BARANOWSKA, W. KABACINSKI ETQ.

two control lines. One line is used for sending the request signal from the VOQ to the
scheduler, and the other line is used for sending the grant signal from the scheduler
to the VOQ. When all VOQs have HOL packets, these N counters check N perfect
matchings between inputs and outputs. The example of such perfect matchings for
a 4x4 switch is shown in Figure 7b. Counters are then connected to the selector.
The selector chooses the set of requests which will be realized in the successive time
slot. These algorithms are performed in two steps: request and grant. [3, 15, 16]
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Renuest Grant
a) D)

Fig. 7. a) General architecture of the scheduler, b) Matching being checked in counters 1 to 4 in 4x4

1. Request — Each non-empty VOQ sends request signal to the scheduler. Counters
determine the number of request signals received and pass the result to the selector.

2. Grant — The selector selects the counter with the biggest number of requests and
sends a grant signal to the selected counter. This signal is then passed by the
counter to the respective VOQs.

In the Request step each non-empty VOQ sends the request signal to the arbiter.
In the arbiter, these signals are grouped into N groups of N signals in such a way
that each group constitutes a one-to-one matching. Signals from group i are then
counted in the counter 7,1 £ { < N. Each counter determines the number of request
signals received, and sends it to the selector. The selector selects the counter with the
biggest number of requests. In the Grant step the selector sends the grant signal to
the selected counter and this counter sends grant signals to respective VOQs which
sent request signals. When there are more than one counter with the same number of
request signals, the selector chooses one of these counters either at random or using
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the round-robin algorithm. In the former case the algorithm will be called the Maximal
Matching with Random Selection (MMRS). In the latter case, the selector selects the
first counter with the biggest number of request signals starting from the next counter
to those selected in the previous time slot. We will call this algorithm the Maximal
Matching with Round-Robin Selection (MMRRS). In both cases, the selection is done
only between counters with the same and the biggest number of request signals.

Time slols

! Selector

Fig. 8. Example of the MMRRS execution in 4x4 switch

The example of the MMRRS algorithm execution is shown in Figure 8. States of
HOL cells in time slots 1, 2 and 3 are given in Figure 8a, where the black square
denotes that the given HOL cell has the packet for transmission. At the beginning of
time slot 1 we assume that in the previous time slot counter 2 was selected and the
pointer in the selector is set to 3. In the first step each VOQ which has the HOL
packet sends the request signal to the arbiter. These signals are shown at the inputs
of the counters of Figure 8b in bold arrows. Each counter counts the number of the
request signals received and pass it to the selector. In time slot 1 counters 1, 2, 3,
and 4 receive 3, 2, 2, and 3 request signals, respectively. Two counters receive three
requests. Counter 4 is selected by the selector by sending the grant signal (bold and
dashed arrow). The pointer is set to 2.

3.4. THE HRRM ALGORITHM

The scheduling algorithm we propose is called Hierarchical Round-Robin Mat-
ching. The algorithm uses two kinds of arbiters, one master arbiter (MA), which points
to the highest priority input port and N slave arbiters (SA), which point to output ports
of the highest priority. Matching begins from the highest priority input port assigned
by MA. A packet is sent from the input assigned by MA to the first free output port,
starting from the highest priority port pointed by SA. If there is not any packet in a
given queue or the output is already engaged the arbiter goes on to the next queue.
After setting up the matching the given port is treated as engaged and is not taken
into account during the following matchings. The other inputs will follow the same
pattern during the matching process. MA upgrading takes place in each time slot to
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one location beyond the highest priority port. Each SA in each time slot is incremented
to one location beyond the granted output when the packet has been sent. Otherwise
there is no upgrading. [17]

Figure 6b shows an example of the HRRM algorithm execution. States of HOL
cells in time slots 1 and 2 are given, where the black square denotes that the given
HOL cell has a packet for transmission. Grey arrows denote the states of arbiters at
the beginning of each time slot, whereas black arrows denote the states of arbiters at
the end of the time slot. At the beginning of time slot 1 we assume that MA is set
to 4, SA1 and SA3 are set to 3, SA2 is set to 2, and SA4 is set to 4. In the first
time slot the matching begins from the 4th input port (MA=4), for which SA4 is set
to 4. Input 4 has HOL cells to outputs 1 and 4. The packet from input 4 is sent to
output 4, which is the result of SA4 being set to 4. Inputs 1 and 2 have HOL cells
for outputs 1 and 2. For input 1 SA1 is set to 3, which means the packet should
be sent to output 3. However, since there is no any packet to outputs 3 and 4, SAl
chooses the packet for output 1. For input 2, SA2 is set to 2, the packet from this
input is sent to output 2. For input 3, SA3 is set to 3, which means the packet is
sent to output 3. At the end of the first time slot MA is upgraded to 1. At the end
of the time slot SA1 is incremented to 2, SA2 is incremented to 3, SA3 is incremented
to 4 and SA4 is incremented to 1.

4. SIMULATION RESULTS

The scheduling algorithms were evaluated and compared to each other by using
simulation. The simulation results were gathered for 4x4, 8x8, and 16x16 switches.
In this part we will consider the algorithms with one iteration. The results introduced
in this section are presented for a 16x16 switch with VOQs of infinite size. The
performance of algorithms was simulated under Bernoulli arrivals and bursty packet
arrivals with average burst lengths of 16, 32, 64 cells for switches of different sizes.
Packets directed to particular outputs were distributed uniformly and nop-uniformly.
For nop-uniformly distributed traffic the distribution method is presented in Table 1,
where rows and columns correspond to inputs and outputs, entry (i, /) denotes the
probability that a packet which arrives at input §/ will be directed to output j. For
Bernoulli arrivals it was assumed that one packet size is equivalent to 1 time slot
and a packet may arrive at the input in the given time slot with probability p. Next,
we studied the performance under bursty packet arrivals. The traffic model we use is
an on-off Markov-modulated process. An active period in this traffic is usually called
a burst. Each source generates a burst of full cells with the same destination in an
alternative way. Than there are idle periods of empty cells, the number of cells in each
burst or idle period is geometrically distributed.
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Table 1
The traffic matrix for a 4x4 switch under nonuniformly distributed traffic
Output 1 Output 2 Output 3 Output 4
Input 1 172 176 1/6 176
Input 2 1/6 2 1/6 1/6
Input 3 176 1/6 172 1/6
Input 4 176 1/6 1/6 172
Throughput p was calculated according to Equation (3).
24
Z
= 3)
P73
Z

where: a; denotes the number of cells passed in z time slot through the switch
fabric, and b, is the number of cells which arrive to the switch in time slot z, where 7
is the time slot number.

The Mean Time Delay (MTD) of a cell is measured as quotient, in which numerator
is the sum of the difference between the time a cell gets into the VOQ and the time
when the same cell is transferred to its designated output, and denominator is the
number of sent cells. The MTD was calculated according to equation:

DICEED
MTD = T 4)

where: z? denotes the number of time slot cell i departed, and z; is the number of
time slot cell i arrives to the switch. Simulations were carried out in 15 series for each
traffic load. For each point the 95% confidence interval was calculated. The results
obtained for MMRS and MMRRS are very similar, so only one curve for MMRRS
is shown in the Figures. The results obtained for the algorithms proposed by us are
shown in figures by means of bold lines. The simulation results are shown as mean
values derived from ten independent simulation processes with the 95% confidence
internal (in an independent way for every algorithm, traffic type, and load).

4.1. WITH BERNOULLI ARRIVALS

4.1.1. Bernoulli arrivals with uniformly distributed traffic

In a uniformly distributed traffic,

Pij = p/N Vij. (5)
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In case of the uniformly distributed traffic the possibility that a cell will appear in
the given time slot is always the same and independent of the current state of other
time slots. This is the most common traffic pattern used in literature. [18, 19].

100

90 4

Throughput [%]
8

70

60

0.5 0.6 0.7 0.8 0.9 1
Load

Fig. 9. The throughput in a 16x16 switch for Bernoulli arrivals with destinations uniformly distributed
over all outputs

In Figure 9, we compare the throughput of PIM, iSLIP, MMRRS, HRRM, SSRR,
DSRR and RDSR for Bernoulli arrivals with destinations uniformly distributed traffic.
Simulation shows that iSLIP, MMRRS, HRRM, SSRR, DSRR and RDSR can achieve
100% throughput. However, throughput for PIM decreases as the load increases
for p > 0.6.

Figure 10 shows the Mean Time Delay in a 16x16 switch with different scheduling
algorithms. Analyzing the results for iRRM algorithm we noticed tendencies towards
arbiters’ synchronization. As the load increases the MTD also becomes higher and the
outputs are blocked. The results of the simulations prove that MTD in PIM algorithm
increases rapidly for the load greater than 0.6. In case of iSLIP, MMRRS, HRRM
and static algorithms no output blocking has been observed. We can see that iSLIP
is better than SSRR and DSRR under high load (over 0.65). There is not much diffe-
rence between iSLIP and RDSRR. For the load greater than 0.75 MMRRS has a lower
MTD in comparison with other algorithms considered in the literature. Special attention
should be paid to HRRM algorithm, which allows to obtain lower MTD both for
a high and for a low traffic loads. For the load lower than 0.9 the MTD is lower than
10 cells.
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Fig. 10. The Mean Time Delay in a 16x16 switch for Bernoulli arrivals with destinations uniformly
distributed over all outputs

4.1.2. Bernoulli arrivals with nonuniformly distributed traffic
The next considered traffic is Bernoulli arrivals with destinations non-uniformly

distributed over all outputs, in which some outputs have a higher probability of being
selected (Table 1), and respective probability p; ;18

Pij =§ 6)
fori=j and
p
PR S 7
Pi = 3N T )
for i # j.

The throughput was considered in a 16x16 switch with PIM, iSLIP, MMRRS,
HRRM, SSRR, DSRR and RDSR scheduling algorithms for Bernoulli arrivals with
destinations non-uniformly distributed over all outputs. Increase of the load results in
decreasing of the throughput when PIMs, iRRM, iSLIP, and static algorithms are used.
For MMRRS and HRRM nearly 100% throughput was observed. HRRM achieves lower
throughput than MMRRS for load of around 0.7. (Figure 11). For load 0.9 throughput of
other algorithms decreases to about 70%. Figure 12 shows the MTD in a 16x16 switch
with different scheduling algorithms under nonuniformly distributed traffic. For the
load above 0.7 MMRRS and HRRM obtains far lower MTD in comparison with other
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algorithms. Static algorithms and PIM, iRRM and iSLIP show similar performance.
We can see that SSRR, DSRR and RDSRR don’t perform well under this traffic model.
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4.2. WITH BURSTY ARRIVALS

In the bursty traffic (BT) model, each input alternates between active and idle
periods of geometrically distributed duration. During an active period, cells destined
for the same output arrive continuously in consecutive time slots. As the load increases
the mean time delay also becomes higher. The probability that an active or an idle
period will end at a time slot is fixed. Denote: s = Pr[BT is in OFF state at ¢t + 1 —
BT is in ON state at t], ¢ = Pr[BT is in ON state at f + 1 — BT is in OFF state at ¢],
I —s=Pr[BT is in ON state at ¢ + | — BT is in ON state at 1], 1 =g =Pr[BT is in
OFF state at ¢ + 1 — BT is in OFF state at ¢]. As it has been said, an active period is

1
called a burst. The mean burst length is » = —, and the load p is [10].
s

q
= —— 8
P ®)
In our simulation experiments the mean burst length has been b = 16 with all slots
in an “ON” state always fully filled with cells.

4.2.1. Bursty arrivals with uniformly distributed traffic

Figure 13 compares throughput of well-known algorithms for bursty arrivals with
destinations uniformly distributed over all outputs. For iSLIP, MMRRS, HRRM RDSR
is almost 100% and for DSRR this throughput decreases to about 95% for the load
greater than 0.7. Simulation shows that throughput for SSRR decreases as the load
increases for p > 0.5.
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Fig. 13. The throughput in a 16x16 switch for bursty arrivals with destinations uniformly distributed
over all outputs
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Fig. 14. The Mean Time Delay in a 16x16 switch for bursty arrivals with destinations uniformly
distributed over all outputs

Figure 14 shows MTD in a 16x16 switch with different scheduling algorithm for
bursty arrivals with destinations uniformly distributed over all outputs. PIM and iRRM
show similar performance. Simulation results show that MTD for HRRM is better than

for other algorithms.

4.2.2. Bursty arrivals with nonuniformly distributed traﬁic“

Figure 15 shows throughput in a 16x16 switch for bursty arrivals with destinations
nonuniformly distributed traffic. It shows that the throughput of PIM, iSLIP and static
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Fig. 15. The throughput in a 16X 16 switch for bursty arrivals with destinations nonuniformly distributed
over all outputs
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Fig. 16. The Mean Time Delay in a 16x16 switch for bursty arrivals with destinations nonuniformly
distributed over all outputs

algorithms are similar to each other and much smaller than the throughput of MMRRS
and HRRM. For MMRRS and HRRM algorithms the throughput for bursty packet
arrivals with destinations nonuniformly distributed over all outputs are near 100%.
Figure 16 shows the MTD in a 16x16 switch for bursty packet arrivals with destinations
nonuniformly distributed over all outputs. As the load increases the MTD also becomes
higher. For the load greater than about 70% the results obtained for MMRRS are better
than for PIM, iSLIP and iRRM algorithms.

5. CONCLUSION

In this paper, we presented scheduling algorithm for switches with Virtual Out-
put Queuing. We introduced a novel scheduling algorithms, MMRS, MMRRS and
HRRM. The performance of the proposed algorithms was evaluated using simulations.
Simulation results were executed for Bernoulli and bursty packet arrivals. We have
considered uniformly and nonuniformly distributed traffic. The results obtained show
that proposed algorithms not only allow to achieve low MTD but also ensure high
fairness in choosing packets for transmission. For MMRRS and HRRM algorithms the
throughput are almost 100% for each distributed traffic. The results obtained show that
the proposed algorithms not only allow to achieve low awaiting times but also ensure
high fairness in choosing packets for transmission.
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transmission and reception using many antennas. In the first case, we say about transmit
diversity and MISO systems (Multiple Input Single Output); in the second case — about
receive diversity and SIMO systems (Single Input Multiple Output), and finally in the
third case — we say about MIMO systems (Multiple Input Multiple Output). Thanks
to using many antennas in the radio link, several benefits referring to quality of a
system and achievable transmission rates are gained without the need for the increase
of frequency band, delays or number of carrier frequencies.

In general, there are two basic ways of transmission in multiple-antenna systems,
1.e.: spatial multiplexing which assumes that different information are broadcast by
different antennas, and space time coding in which the same information (appropriately
encoded) are sent by multiple antennas according to a strictly defined pattern.

In spatial multiplexing, transmission from each of the transmit antennas is realized
in the same frequency band and at the same time (simultaneously), so incomparably
more information can be broadcast at any given moment of time than in the case of
only one transmit antenna (to be precise: up to M times more information, where M
denotes the number of transmit antennas). In other words: the utilization of the band
is M-times more efficient, and the whole stream spread over M antennas is transmitted
up to M-times faster. In case of space-time coding, the main benefit of this technique
is the increase of the overall quality of transmission by decreasing bit error rate (BER).
When the appropriately encoded (in time and space) information is sent from many
antennas, the receiver will use numerous replicas to make a decision, and even if some
of those replicas are distorted due to transmission in a radio channel, it will not degrade
the quality to such an extent as it would in the case of a single-antenna system (SISO).
Both spatial multiplexing and space-time coding will be analyzed in greater details in
the further part of this article.

The MIMO systems are based on spatial separation of multiple streams containing
original data. Information are sent over spatial subchannels, whose number depends on
the number of antennas at both sides of the link. It is noteworthy that multiple-antenna
technique exploits multipath propagation in a positive way. This phenomenon has been
considered to be definitely a negative one for a very long time, and many research have
been carried out in order to minimize its destructive influence on transmission quality.
This time, however, environment with rich multipath propagation is the most desired
one for multiple antenna systems since it provides the possibility to distinguish and
separate multiple substreams and to increase channel capacity which is one the most
significant features of MIMO systems.
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2. THEORY AND TECHNIQUE OF THE MIMO SYSTEMS

2.1. THE MAJOR BENEFITS OF MIMO SYSTEMS

The conceptual scheme of a MIMO system using M transmit and N receive an-
tennas is depicted in Fig. 1.

n 2
JZMéL

Transmitter Receiver

JM ,,NL

Radio channel

Fig. 1. An intuitive definition of a multiple-input multiple-output system

There are 4 phenomena which result in performance enhancement in MIMO sys-
tems, i.e.: array gain, diversity gain, spatial multiplexing gain and co-channel interfe-
rence. In the following part they will be briefly described [1].

2.1.1. Array gain

Array gain is a result of signal processing in transmitter (beamforming) and/or
receiver. For instance in transmitter it comes down to forming the signal sent from
antennas with so-called weight coefficients. This gain is expressed by the increase of
the average SNR (signal to noise ratio) as a result of combining signals (replicas) from
multiple antennas (these signals are added up in the receiver). Transmit/receive array
gain requires channel knowledge in transmitter or receiver, respectively, and depends on
the number of antennas. Channel knowledge is necessary since it enables to implement
such signal processing algorithms which would reflect a current channel state and thus
maximize benefits resulting from this kind of processing. Obviously, obtaining channel
knowledge in the receiver is relatively easy to perform (e.g. with training sequences),

whereas in the transmitter — much more difficult and requires so-called closed-loop
systems.

2.1.2. Diversity gain

Diversity gain is a result of using multiple spatial paths for transmission of the
signal (in ideal case, paths should be independent from one another). In that case,
even if the quality of signal carried by one of the paths is bad, the other paths can
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still be exploited to decode the information correctly, and the bit error rate will not be
influenced as severely as it would happen in the SISO system. In general, diversity is
used to reduce the negative influence of fading in the radio link. If we consider the
system depicted in Fig. 1, we can easily notice that there are MxN spatial channels
(paths) altogether which can be used to transmit information. Assuming that:

e fadings in each of these channel are independent (uncorrelated),

e transmitted signal has appropriate features,
the amplitude fluctuations of the resulting signal (containing replicas from each paths)
will be reduced comparing to the SISO system.

To achieve diversity, one might exploit paths that are independent in either time,
frequency or space. Out of these three options, the third one seems to be optimal as it
does not require longer time of transmission or wider bandwidth.

In order to maximize spatial diversity without channel knowledge in transmitter
(the most common case) we use the special signals (codewords), created as a result of
space-time coding.

2.1.3. Multiplexing gain

MIMO technique can be employed to increase channel capacity. In general, this
increase is linear and proportional to min(M,N) and is obtained due to spatial mul-
tiplexing. This technique (unlike space-time coding) assumes sending different (inde-
pendent) signals by different transmit antennas. It is realized in systems like BLAST,
where data stream is divided into M layers (substreams) broadcast simultaneously by
M antennas.

Each of the mentioned layers due to radio channel influence can be unambiguously
distinguished by the so-called spatial signatures (representing distortion of each of the
individual radio subchannels). These signatures are used in the receiver to separate the
layers, prior to their decoding. For this reason, it is crucial to ensure the proper envi-
ronment with rich scattering, where multipath propagation is strong, because in such
conditions paths reaching the receiver will be most distinguishable, and consequently,
multiplexing gain will be maximized.

There are many different techniques of spatial multiplexing that vary in the way
of separating and processing substreams, but most of them are highly sophisticated
and complicated in terms of the relevant algorithms and required processing reso-
urces, which in some cases might make their implementation much harder or even
impossible. It should also be noted that systems using spatial multiplexing require at
least the same number of antennas in the receiver as in the transmitter (in contrast to
systems with space-time coding which provide diversity gain even with a single receive
antenna). This requirement results in considerable costs increase due to the necessity
of implementing redundant elements in both parts of the transceiver.
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2.1.4. Co-channel interferences reduction

Co-channel interferences are caused by frequency reusing (frequencies are used
many times in cells according to a particular pattern, and cells using the same frequ-
encies interfere with one another). Employing MIMO technique can yield reduction
of this effect thanks to the already mentioned spatial signatures which reflect radio
channel influence on a given signal path. In order to distinguish the desired signal, one
need to have its channel knowledge. Co-channel interference reduction is achievable in
the transmitter and is realized by an appropriate signal processing, such that the signal
that might be received by co-channel users is maximally attenuated and, on the other
hand, maximally amplified in the direction of desired users. Obviously, in that case

it is possible to use the same frequencies more often, and consequently — to increase
system capacity.

2.2. THE MATHEMATICAL DESCRIPTION OF THE MIMO SYSTEMS

We shall now take a closer look at the functioning of multiple antenna systems.

To begin with, we will analyze a system with a two antennas at both the transmitter
and receiver (M = 2 and N = 21) (Fig. 2).

2 2 b 2
-
X Yo

Fig. 2. MIMO system (2 transmit, 2 receive antennas)

A modulated radio signal x; (j = 1, 2) propagating between transmit and receive
antenna is attenuated and phase shifted. The radio channel’s influence on this signal
is described by the channel impulse response A j» where the element &;; represents the
channel between J — th transmit antenna and { — th receive antenna. Let x (1) denote
the signal transmitted in time ¢, and yi®) (i = 1, 2) represents the received signal. n;(¢)
denotes white additive noise influencing the signal.

[

i . . . .
In this article, M-means the number of transmit antennas, N-means the number of receive antennas.
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In this case, channel (i.e. spatial propagation paths) characteristic is represented
by the following matrix.

/22} ' /122

Chyy hy } 1

Consequently, we can define the set of equations valid for the analyzed system:

yi(t) = hyp - x1(8) + hya - x2(8) + ny(2)

: ()
y2(t) = hoy - x1(8) + hog - xo(8) + np(1)
which can be expressed in the matrix form
Y=H X+N, (3)

where Y = [y, yz]T ~ denotes the vector of received symbols, X = [xl,xz]T - denotes
the vector of transmitted signals, N = [n;,n,]7 — denotes the noise vector.

As we shall later explain, the transmission in the systems like in Fig. 2 is equivalent
to a transmission over two independent radio channels which share the same frequencies
and results in two-time increase of spectral efficiency. Thanks to a couple of antennas
at both radio link sides we can transmit the information twice as fast (ideally) as in
classic SISO system. The actual increase of the spectral efficiency (and thus — data
rate) depends upon mutual independence (or lack of correlation) of each radio link.

As mentioned before, in practical implementations to achieve large spectral ef-
ficiency values, the spatial multiplexing is employed (most common, in the form of
BLAST systems: V-BLAST, D-BLAST).

Let us analyze the system in Fig. 2 one more time and expand it to M transmit
and N receive antennas. In that case the channel matrix will be as follows:

hin hiy - hiy
hot  hyp -0 hoy
H=| . ) 4)
Chyt hwe o b

On the other hand, the signal received by the i — th antenna, under the assumption
that the j — th transmit antenna sent x;(¢), can be presented in such a way:

M
ity = Y hii(O) + iy j= 1,2, N &)

=1

To sum up the above introductory description we should underline two main goals
of the MIMO technology. Firstly, it is quality of transmission improvement, i.e. bit
error rate reduction achieved by space-time coding; and secondly, a noticeable spec-
tral efficiency increase, which yields noticeable transmission rate improvement due to

spatial multiplexing.
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2.3. CHANNEL CAPACITY OF THE MIMO SYSTEMS

In this paragraph, we describe one of the most important issues connected with
multiple antennas technique. A possibility of achieving much higher capacities, consi-
derably exceeding values gained in classic systems (SISO systems), is one of the major
merits of this technology. After a theoretical introduction, methods of channel capacity
assessment will be presented:

e with an assumption that channel is deterministic (only one realization of the
channel is considered, which is true only in the given time),

e for a flat fading channel, :

We will define an analytical expression describing channel capacity of MIMO
systems. But as a reference we will begin with a capacity of a classic system SISO,
for which a matrix H is a scalar (H = h) known in a receiver. It can be calculated as
follows [5, 6]:

Csiso = logy (1 +p|Af), ©6)

where p denotes a ratio between the signal power and the noise power expressed in a
linear scale.

The above relation results in a conclusion that the capacity of the SISO system
grows logarithmically with a growth of a ratio of signal power to noise power. Conse-
quently, if we want to increase the capacity by for example 10 bit/s/Hz we would have
to increase SNR approximately 1000 times [5].

For a SIMO channel the matrix H is expressed as H = [hy, hs, ...,hN]T. In this
case the capacity can be obtained from [5, 6]:

N
Csio = log, (1+ p[HP) = log, [1 ipy lhiiz]. 0
i=1
In case of the multiple antennas in the receiver, and only the single antenna in the
transmitter, the growth of the capacity is logarithmical and depends on a number of
the antennas in the receiver.
In case of a MISO channel, the matrix H can be expressed as: H = [A}, hy, ..., hy]
and the channel capacity is defined as follows [3, 6]:

%lhl2
plHP o =t
=logy |1 +p

Cuiso = log, (1 + 8)

For a MISO channel, the growth of the number of the antennas in the transmitter
does not result in any growth of its capacity.

The last possibility is the MIMO channel. We assume here that the receiver po-
ssesses a complete information about a channel state (matrix H) and we treat this
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information as a deterministic one. We can now calculate the channel capacity using
an expression [1, 6, 7]

Cyimo = log,

:det (IN + —]%HHHH, )

where: det( ) — determinant of a matrix, Iy — NxN identity matrix (N — a number of
receive antennas), ( - conjunction and transposition of a matrix.

We can often encounter a simplified assumption that the matrix H, which describes
a channel, for large values of M and a fixed value of N can be presented as [8]:

1
MHHH = Iy. (10)

Let us assume the same number of the antennas at both sides of a radio link
(M = N). We can now exploit the equation (9) to transform the expression (10). Now
it is easy to notice that:

Cyvivo = Ing [det dy+p- IN)] = log, {det [IN (1+ p)]} . (11a)

On the basis of a matrix algebra it is well known that: det(I, - ¢) = ¢", where q is
the scalar and I, is n X n identity matrix. Then after a further transformation of the
expression (9) we obtain:

Crimo = log, (1 +p)" = N -log, (1 + p) = N - Cs;so. (11b)

It shows that for MIMO system a relation between the capacity and the number of
antennas is linear [7]. We showed analytically that for the multiple antennas system the
capacity of the channel grows theoretically N-times in comparison with the capacity
of the SISO system. In general, this growth is proportional to min(M, N), which was
mentioned before in this article.

The above analysis can be further enhanced by making an eigenvalues decompo-
sition of the matrix product HH", which can be expressed as:

HH? = E>EY, (12)

where: E - matrix of eigenvectors, A — diagonal matrix containing the eigenvalues on
a main diagonal.

Using the equation (12), and keeping in mind that det(I) = 1, we can now calculate
the capacity of the MIMO system as follows:

Rank

Cortnto = logz(l + —%Ai), (13)
i=1

where: Rank — matrix rank (Rank < min{M,N)), A, — positive eigenvalues of the
product HH" (i = 1,2,..., M).
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The expression (13) results in an important conclusion. The capacity of the MIMO
channel can be interpreted as a sum of parallel SISO channels’ capacities whose gains
are expressed by the parameters A;. To maximise the channel capacity it is desired to
ensure as many of the eigenvalues to be nonzero and big as possible.

Similar conclusion can be derived from SVD (Singular Value Decomposition)
decomposition of the matrix H, which can be exploited instead of the eigenvalue

decomposition [8]. As a result the simplest MIMO system (MIMO(2,2)) can be repre-
sented in a way shown in Fig. 3.

M n,
- . N
X % g b -
A, ()
Xy % Va

Fig. 3. The MIMO(2,2) system interpreted as two independent and parallel SISO channels

The all above analysis where done with an assumption that the channel is deter-
ministic. Reality is different, however, because we have to consider the fading channel
which causes fluctuations of the A; ; values. In such a situation, we need to use a bit
different approach to estimate the channel capacity.

Two classes of the capacity can be defined i.e.: an ergodic capacity and an outage
capacity. In the first case, through calculating an expected value of the expression (9),
an average MIMO channel capacity can be obtained as [1]:

Corgodic = E {1og2 [det (IN + %HHH)]}, (14)

where E( ) denotes an average (expected) value. On the other hand, the outage capacity
Courq describes the throughput which is ensured with the probability (100 - ¢)% (for
(100 — )% realizations of the radio channel) i.e. [1]:

P(C < Coug) = q%, (15)

where P(C < Cout,q) denotes the probability (P) of the event that the capacity (C) will
uot exceed the outage capacity (Coury)- In this case the capacity can be interpreted
as a random variable which value depends on a temporary channel state (its impulse
tesponse). The probability in the expression (15) denotes that for the q% of the chan-
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nel’s realizations (the different channel’s responses) the value of the capacity will drop
below a threshold indicated by the outage capacity Cur.

3. METHODS OF TRANSMISSION IN MIMO SYSTEMS

3.1. SPATIAL MULTIPLEXING

Spatial multiplexing is one of the most common techniques of transmission being
utilized in MIMO systems. In general, it comes down to transmitting M independent
data symbols in a single symbol period. As a result, M-times more information can be
broadcast per second than in a single-antenna system operating at the same data rate.
To this end, there is no need to increase either the number of carriers or transmitting
power, which is an additional benefit. In practical solutions, spatial multiplexing is
performed by dividing a single input stream into M substreams (often referred to as
“layers”), which are simultaneously broadcast by transmit antennas.

As of now, several algorithms of spatial multiplexing have been proposed; the
main difference between them is a way of dividing a stream into substreams and me-
thods of subsequent signal processing for each of substreams. Chronologically, the first
spatial multiplexing algorithm was so-called Layered-Space-Time architecture (LST)
or D-BLAST (Diagonal — Bell Labs Layered Space Time Architecture) proposed in
1996 by Gerard Foschini [9, 10]. It offers very high spectral efficiency values, and
thus impressive data rates, but at the same time it is very computationally demanding
and ineflicient, which limits the possibility of its practical implementations. For this
reason, it was necessary to find novel solutions which would constitute a convenient
trade-off between capabilities and efficiency of the given method.

In the receiver, in most cases, decoding is performed separately for each of the
layers, so it is necessary to first separate these layers from the received signal. At the
moment, there are several ways to conduct this algorithmically convoluted processes.
It should be noted that the choice of a given decoding method influences the overall
quality of the system.

In the following part we will briefly outline the most common algorithms of spatial
multiplexing.

3.1.1. H-LST Algorithm

Horizontal LST (H-LST) [1, 10, 11] is the simplest algorithm of spatial multiple-
xing. The main idea can be described in the following way: the input data stream is
divided into M substreams (layers) in a serial to parallel converter (S/P). After that, bits
belonging to the given substream are encoded (block or convolutional encoding), mo-
dulated and interleaved. After such a processing, the signals from each layer are trans-
mitted from a selected antenna; it should be noted, however, that antenna-substream
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1l drop association remains the same in time. Spatial rate (defined as the number of independent
symbols in a transmitted word divided by the frame length) equals M for H-LST, and
diversity gain is only N (any information bit can be transmitted by only one, selected
antenna but can be received by all N receive antennas). For this reason, H-LST is not
an optimal architecture but it strongly simplifies the structure of the receiver.
The transmitter of H-LST system is depicted in Fig. 4, and the antenna-substream
association ~ in Fig. 5, where a number represents the number of layer from which
~ symbols are transmitted in a given moment of time and through a given antenna.
n being 1
pendent
1 can be »  Coder » Interleaver —» Mapper
ata rate.
smitting Input stream
exing is I S/P
ed to as
M
sed; the Coder » Interleaver —» Mapper J
and me-
, the first Fig. 4. H-LST transmitter. (S/P — serial to parallel converter, M — number of transmit antennas)
e (LST)
posed in )
ues, and A Transmit
manding antenna
For this
nvenient 1 1 1 1 1 1 1 1
*h of the
1. At the 2 2 2 2 2 2 2 2
rocesses.
erall
© oV 3 /313 |33 |3 ]| 3|3
of spatial
4 4 4 4 4 4 4 4 Time
B
Fig. 5. Stream-antenna association for H-LST systems
multiple-
stream 18 3.1.2. V-LST Algorithm
- that, bits
ing), mo- In the vertical LST algorithm [1], the input stream is encoded, modulated and
are trans- interleaved prior to the eventual demultiplexing into M substreams, which is the major
substream difference between this technique and the H-LST.
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The stream-antenna association is in general the same as for H-LST (Fig. 5),
however due to the reversed order of encoding and demultiplexing, the information
of any input bit can be carried by streams associated to various antennas, so, unlike
in H-LST, a single bit may be “spread” across every transmit antenna, which yield
maximum diversity gain of M X N. '

This algorithm offers additional coding gain (its value depends on the exploited
code), and the spatial ratio of V-LST is M (like in H-LST).

Another technique which stems from the V-LST is an algorithm called V-BLAST
[12]. In this case, the branches of transmitter are the QAM mappers, and the stream
processing is simply bit demultiplexing, but in contrast to V-LST, mapping is performed
for each layer independently. The V-BLAST technique does not require any coding,
either of the substreams or any other, however if necessary — may be implemented.

The scheme of the V-BLAST transmitter is shown in Fig. 6.
I

A4

Mapper

Input stream

S/IP

ar
Mapper

Fig. 6. V-LST Transmitter (S/P — serial to parallel converter, M — number of transmit antennas)

X

V-BLAST is known for ensuring tremendous values of spectral efficiency. In ref.
[12, 13] it is claimed that during laboratory indoor research, the spectral efficiency
values of 20 — 40bit/s/Hz for SNR of 24-34dB were achieved.

3.1.3. D-BLAST Algorithm

The diagonal BLAST is an algorithm where the two above techniques (H-LST
and V-LST) converge. The transmit system can be described in the following way. The
input stream is demultiplexed into M layers and each layer is encoded and mapped
onto symbols. Those symbols are afterwards associated to the antennas in a diagonal
manner, which means that for D-BLAST, the stream-antenna association is not fixed
and varies in time. For M=4, such an association can be described like in Fig. 7.

The main drawback of the algorithm is a wastage of some time and spatial reso-
urces due to initial lack of transmission (indicated by the shaded area in the Fig. 7).
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Transmit
antenna

203401 Time

Fig. 7. Stream-antenna association for D-BLAST systems

Such an approach results in simplifying the receiver structure but the losses of these
wasted slots are critical and non-negligible especially for short blocks of information.

To achieve all the benefits offered by spatial multiplexing systerns, it is vital to
choose a proper receive algorithm, which will enable to separate and decode the sub-
streams most reliably and efficiently. Some of the known algorithms are Maximum
Likelihood and Minimum Mean Square Error decoding, Zero-Forcing receiver, and
additionally Successive Cancellation and Ordered Successive Cancellation. The theory
of these algorithms is well beyond the scope of this article and can be found in re-
levant references (eg. [1]). It should be noted however that the Maximum Likelihood
detector offers the best quality results but at a price of very high computational power
requirements; on the other hand MMSE algorithm proves to be the worst. In practical
solutions these methods are often joined, for example in V-BLAST it is proposed to
use the method which benefits from ZF and OSUC algorithms.

3.2. SPACE-TIME CODING

Space-time coding is another way of transmission in the MIMO systems. It is not
a technique which increases the channel capacity as it was for the spatial multiplexing
method. Its main purpose is to achieve a maximum diversity gain through a properly
designed codes. As a result, we get decrease of the bit error ratio (BER) — a transmission
quality is improved. A diversity maximization can be achieved thanks to sending the
same data (properly encoded) by each transmit antenna and correct assembling signal
copies in the receiver. Information bits are mapped onto complex symbols obtained
through exploiting a proper constellation. Meanwhile, the MIMO coder specifies an
assignment of these symbols between transmit antennas in successive time slots. The
assignment is often presented as a matrix whose successive rows describe the successive
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time moments and columns represent the respective transmit antennas. It is noteworthy
that if fading in all spatial subchannels will be uncorrelated then for the MIMO(M,N)
system we achieve maximal diversity, that is M-N. It can be interpreted as a number
of propagation paths of the signal and also as a number of the signal copies obtained
in the receiver. A

In practice, we can distinguish two types of space-time coding:

e Space-Time Trellis Coding (rarely used in practice),

e Space-Time Block Coding.

The space-time block coding (STBC) is the most common way of a realization of
the space-time coding for the multiple antennas systems. An important task here is to
design the optimal codes, which will determine the quality of STBC. Major criteria
are [15]:

e An assurance of possibly big diversity (characterized by a number of an independent
channels in which respective symbols are transmitted);

e A spatial code rate (a number of the transmitted symbols with respect to a length
of a space-time block);

e A delay (the length of the block of the space-time code).

Most often, it is desired to achieve the maximum spatial code rate and the minimal
delay with the assurance of full diversity. The codes, which are utilized for the purpose
of the STBC technique, are created on the basis of an orthogonal design [16]. Generally,
for the real constellations, the matrix describing an orthogonal code is a n X n square
matrix. An orthogonality can be achieved only for specific values of n (n = 2, 4 or 8).
The full spatial code rate can only be obtained when the orthogonality is ensured.

3.2.1. Alamouti Code

Alamouti code [17] is a quite simple code related to the case with two transmit
antennas. It offers the full spatial code rate and its matrix is:

S 52 } ‘ (16)

—S§yk Sk

This coding can be described as follows: there is a complex constellation con-
sisted of 2° signals. During the first time slot, the coder gets 2b bits which decide
about choosing two complex symbols s; and s;. These symbols are simultaneously
transmitted through both antennas. During the second time slot symbols —s;* and s;*
are transmitted through both antennas (Fig. 8).

Example:

Let us consider a system with two transmit antennas and with QPSK modulation
whose constellation is depicted in Fig. 9. We can now assume a following sequence
of the symbols: {0 1 1 3} or in binary form: {00 01 01 11}. In the first time slot the
Alamouti coder gets two first symbols: 0 (00); and 1 (01),. According to the assumed
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Fig. 8. A simplified scheme of the MIMO(2,1) system with the Alamouti coding

constellation, the symbol *0’ is mapped onto s; = 1 and ’1’ onto s2 = j. During

the transmission in the first time slot the sequence {s; (first antenna) and s, (second
antenna)}, that is {1, j}, will be sent, then in the second time slot the sequence {-s,*
(first antenna) and s;* (second antenna)}, that is {j, 1}, etc.

)
O S
J“"K‘v ™ s,
\

& .
2e *0
.&% f
. o
gy
3

Fig. 9. The assumed QPSK constellation

The Alamouti coding can be then described as follows:

Inputsequence : 011 3
Firstantenna : L j i -

Secondantenna : i 1-j —j

Let us consider a MIMO system with two transmit and two receive antennas. In
that case, the signals received by each antenna can be defined, i.e.:
antenna obtains, in the successive time slots
receives r3 and ry (Fig. 10):

the first receive
, the signals r; and r, and the second one

information

source , !
J i
I

=% * x hy hh
S T U T
. Symbol mapping
|
1 .-

{
!
|

X, X
. ; 2 i
X *x, 2 LA Recdver "
h

Fig. 10. A simplified scheme of the MIMO(2,2) system with the Alamonti coding
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ry = /’ZISI + /’zzSQ + 1

ry = —hiss + hosy +mp

a7
r3 = hysy + hysy + 113
Vg = —/’lgS; + 1’l4ST + 1y
In the receiver the two following signals are created:
:871 = h*l”l + hory + h*r3 + ]’l4l’*

53 = hyry — hyrs + hyrs — hary

We can now substitute (17) into (18) and obtain the input signals passed then to
the ML decoder:

51 = (1P + Vol + Vsl + |hal?) 51 + Ry + hondy + Byns + har 19

52 = (WP Vool + sl + [al?) 52 = hams + By = harty + hins

In last years, many research have been carried out which prove that multiple
antenna systems with the Alamouti coding enable to achieve a given BER with much
lower SNR that in case of a single antenna system (1,1) with no coding implemented.
This reduction of the required SNR is the undoubted value of the technique. For
example in [2] it was shown for a simple (2,1) system, a BER = 1073 is achieved for
SNR 5dB lower that for SISO system. When two antennas were used at both ends of
the radio link (the (2,2) system), the gain was even greater — we could reduce SNR by
18dB to achieve BER = 107> in comparison to the single antenna systems. This proves
how promising the space-time coding method is.

4. CONCLUSION

Radio link is arguably the most inconvenient and toughest medium of transmission,
and for this reason achieving high data rates in radio networks was considered as a
difficult and sometimes even impossible task. Emerging of the MIMO technology can
dramatically change this situation, and give the possibility to realize data rates that
used to be achievable only in cable or optical networks. The key to success was to
provide techniques of transmission that would ensure high level of spectral efficiency.

In this article, the basics of this novel, highly promising technology, were pre-
sented. We discussed the major benefits of utilizing MIMO, capacity formulas for
different cases and finally two methods of transmission in MIMO systems, i.e. spatial
multiplexing and space-time coding.

We can expect that in the future, MIMO as a system offering enormous data rates
with more than sufficient quality will become common or even dominant in some
branches of contemporary radiocommunications. At the moment, MIMO is included
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into IEEE 802.16 (WMAN networks) standard as an option, and is proposed to be
used in HSDPA (a subsystem of UMTS). Moreover, it is foreseen that in 2008, the .
IEEE 802.11n standard will be published, which will provide details of implementing
multiple-antenna systems in WLAN networks. As we can see, the interest in MIMO
from the major standardization organizations (IEEE, 3GPP), gives a “green light” for
a further development of this technology. We can also expect that many theoretical
aspects of MIMO, a few of which have been presented in this article, can evolve or
change, so to stay up-to-date with MIMO, it is necessary to follow appropriate literature
and references.
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Modelling the changes of saturation voltages in high-power
operational amplifiers

JOZEF STANCLIK

Wroclaw University of Technology,
Institute of Telecommunications, Teleinformatics and Acoustics
50-370 Wroctaw, ul. Wybrzeze Wyspiariskiego 27
Jozef.stanclik@pwr.wroc.pl

Received 2006.10.02
Authorized 2007.07.09

A modification of the macromodel of operational amplifiers is proposed to icorporate a
relationship between saturation voltages and output current. Such modification improves the
macromodel accuracy over a wide range of load, power supply voltage and input signal am-
plitude variations. The modification consists in changing the EMF values of two autonomous
sources in the initial macromodel and adding a resistor or a non-linear controlled source, its
parameters having been derived from the relevant data sheets by applying the least squares
method. A sample modification is shown for a macromodel of the OPAS512 high-power
operational amplifier, applicable in the PSpice program. Accuracy and applicability of the
modified macromodel have been evaluated.

Keywords: macromodel, high-power operational amplifier, PSpice program

1. INTRODUCTION

Macromodels of operational amplifiers commonly used in computer simulation of
electronic circuits take into consideration only the basic characteristics and features
of integrated circuits at the settled operating conditions. The saturation voltage of
operational amplifiers depends on the output current and may change by several volts.
The macromodel of operational amplifiers, which is derived from Boyle’s model [1],
does not rely on this relationship. This approach leads to erroneous simulation results.
These errors may even reach 40% while calculating the maximum output power [4].

The modelling of the maximum output voltage of operational amplifiers versus the
output current is discussed in the literature [4, 5]. In [4], series resistances were introdu-
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ced into the models of the voltage limiter diodes. Voltage drops across these resistances
move the output voltage limiting thresholds in relation to the output current values and
bring the saturation voltages of the macromodel closer to the saturation voltages of
the integrated circuit. Similar effect was achieved when two output current-controlled
voltage sources located in the output voltage limiters were included in the macromodel
[5]. This modification allows modeling the non-linear relationship of the saturation
voltage and the maximum output voltage versus the output current.

This paper outlines the modification to the macromodel of operational amplifiers,
which is simpler than the modification proposed in [5], and which improves macro-
model accuracy and extends variation ranges for the load, supply voltage and input
voltage while the improved accuracy is maintained.

2. MODIFICATION OF THE MACROMODEL

In the original macromodel, the output voltage is limited by limiters composed of
diodes, DC and DE, sources, VC and VE, and supply sources, Vs* and Vs~ (Fig. 1).
The positive saturation voltage is equal to the difference between the positive supply
voltage and the maximum output voltage. In practice, the positive saturation voltage is
constant as the change of voltage drop on the limiter’s conducting diode is not higher
than several dozen of millivolts. Similarly the negative saturation voltage is nearly
constant.
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Fig. 1. The structure of the modified macromodel of an operational amplifier
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The saturation voltages of the macromodel can be made dependent on the current
by inserting either a voltage source, H, controlled by the output current or a resistor,
R, into the output circuit of the macromodel. The source, Viim, was used to sample the
output current. In the currently used macromodels, the current of this source, Iy, is
nearly equal to the output current, /,,, (the limiter’s diode current is smaller by several
orders). Within the linear operational range, the effect of the source, H , or the resistor,
R, on the macromodel’s parameters is, in essence, eliminated by negative feedback,
which is a strong one in usual applications of amplifiers.

The positive and negative saturation voltages are given by the formulae (1) and

Q).

Ve = Vst =V =VC~Vpe + HIyiim) m

Vsat = ~-Vs™ + V‘ =VE — VDL + H([Vlzm) (2)

where Vpc and Vpg are voltage drops across limiter’s diodes. In order to make satu-
ration voltages of the operational amplifier, Vg c, equal to the saturation voltages of
the macromodel, Vyampm, at the current I,,, equal to zero, the EMFs of the sources, VC
and VE, were modified as follows:

VC' =VC = Vi Uit = O+ Vi 16 T = 0) 3)
VE' = VE ~Vigy Qo = 0) + Vi ¢ (s = 0) @)

Application of the current-controlled voltage source, given by polynomial (5),
allows modeling the non-linear relationship of saturation voltages versus output current.
H (Lou) = ao + ailoy + ap (Iout)2 too+ag (Iout)k %)

This polynomial approximates the reduced saturation voltage, AV,q,, expressed as
follows:

Avsat (Iout i) =
- sat c Uous 1) — sat mm Uow ) +VC -V, ‘1<i<n s dour 120 ©)
V_sat mm (]out 1) _mt 1C (Iout 1) VE + VE 1 S l S m, IOul‘l < 0

where n+m > k (n,m are the numbers of the values of the saturation voltages Ve ic
and V_, o, respectively, taken from the specification sheets, and V- and V,

sat mm sat mm

calculated for the original macromodel). The approximation error is given by the for-
mula (7).

elag, ar, ...,ax) = AV gy 1) +

(M

~{a0 + @l s + @ U 0 + oo+ U ) 1 i<t m
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The coeflicients of the polynomial (5) are derived by using the least squares me-
thod. In most cases, the third-order polynomial ensures satisfactory approximation
accuracy. The function (6) intersects the origin of coordinate system and is nearly
symmetrical with respect to the origin. Therefore, the coefficients ap and a; are close
to zero. Assuming these coefficients are equal to zero, the error resulting from appro-
ximating the voltage 4V, (I,,) given by equation (6), by the third order polynomial
is as follows:

siar, a3) = AV s ) = @1lour i — a3 Uour 1)° 1<i<n+m-1 (8)

The mean square error of the approximation is given by the relationship (9).

n+m—1 nt+m-~1

Sana) =y &= > (dVi Uud) = [@rlouss + as U )’])] )

(=1 =1

The partial derivatives of the function (9) at its minimum are equal to zero. The-
refore, the following set of equations appears:

n+m-1 ntm—1 n+m—1

ay Z Uows i)2 +as Z o 1) = Z {AVae Uour 1)+ Tour i}
=1 i=1 (10)
n+m-1 n+m-1 n+m—1

ar ) U +ay D U= ) {dViar U ) - U )’}

i=1 i=1 i=]

Upon resolving this set of equations, the values of coefficients of the polynomial
(5) are as follows:

n+m-1 ntm-1 n+m-1
Z (]oul 1)6 Z {AVsat (Iout 1) [out 1} Z (Iout i)4 }; {Avmt (Iout i) ' ([out i)3}
@ = n+m—1 n:L -1
Z (Iout 1)2 Z (]ouf 1) - Z (Iout 1)4 Z (Iout 1)4
(11)
n+m-1 n+m—1 n+m—
‘Zl ([out i)2 2 {Avsat (Iout i) ' (Iout i)3} - Z (Iout 1)4 Z {AVAat (Iout 1) (Iout 1)}
ay = i= i=

n+m—1 n+m—1 n+m-1

2,1 Lous 1) {‘jl U ) = >;1 (Iouti)4 21 Uow *

When the function (6) is nearly linear, the polynomial (5) can be reduced to the
single factor H (I,.;) = al,u- The error of such approximation of the voltage AV, (I,:)
is specified by the folowing equation:
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gila) = AV, Uour 1) = arloy s, I<i<n+m-1 (12)
The mean square error of appl:oximation is as follows:

ntm—1 n+ni—1

S@)= ), &= 3" Vi Uous ) = a1lps 2 (13)

i=1 i=1

At the minimum of this function, its derivative equals to zero, hence the coefficient
ap is given by the formula (14).

n+m

g:l {Avsat (lout i) ' [om i}

a] = n+m ) (14)
ZI Tour )
i=

The source H = al,,, converts the current flowing through it into a voltage drop.
The same is achieved by a linear resistor; hence the coefficient a; can be interpreted
as a resistance of the resistor R which replaces the controlled source H.

3. SAMPLE MODIFICATION OF THE MACROMODEL OF THE OPA512
INTEGRATED CIRCUIT

The relationship of saturation voltages versus output current given by the data
sheet of the high-power operational amplifier, type OPAS512, is shown in Fig. 2 [2].
The curves of saturation voltages for the original model, as found by PSpice computer

simulation, are also drawn with dotted lines in this figure. They differ from the data
sheet values and the maximum error is 2.4 V.

; 5
45 et g it
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Fig. 2. Relationships between the saturation voltages and the output current for the high-power
operational amplifier, type OPAS512, and its macromodels: _ the data sheet values, --- the original
macromodel, - - - the modified macromodel, A — the positive saturation voltage, O - the negative

saturation voltage
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The proposed modification was introduced into this macromodel. Electromotive
forces of the VC and VE sources were changed according to the formulae (3) and (4):
VO =50-444+20=26V,VE =50-44+ 27 =33V (the values of VC
and VE were read out of the original macromodel’s netlist partially shown in Table
1 [3]). Then, the reduced saturation voltage AV, (I,,,) was calculated using (6) and
the third-order polynomial coefficients, H = 0.0851,,, + 0.22 - 107 (I,,,)°, were found
using the formula (11). The modifications of the macromode] of the OPAS512 chip were
incorporated into its netlist. Using this macromodel, the reduced saturation voltage was
calculated and shown in Fig. 3 using dotted line (macromodel 1). This voltage differs
from IC’s data sheet values over the full range of the output current variation by no
more than several dozen of millivolts.

Table 1

Modification of the OPAS512 macromodel subcircuit (shown in bold type)

SUBCKT OPA512/MOD ;BB
+ 1 ; non-inverting input

+ 2 ; inverting input

+ 3 ; positive power supply

+ 4 ; negative power supply

+ 55 ;5 ; output

VC 3 53 DC 2.6 35
R 555.12
VE 54 4 DC 3.3 ;5

.ENDS

An attempt was also made to model the changes in saturation voltages in the
OPAS512 op-amp using resistor R. The resistor’s value calculated using the equation
(14) was R = 0.12Q. Modification of the macromodel (changes in voltages of the VC
and VE sources and the resistor R) was incorporated into its netlist; a sample of changes
is presented in Table 1. The modified macromodel was used to calculate the saturation
voltages. The results are shown with dashed line in Figs. 2 and 3 (macromodel 2). As
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Fig. 3. The dependences between the reduced saturation voltages and the output current for the
high-power operational amplifier, type OPAS12, and its macromodels: __ the data sheet values, --- the
modified macromodel 1, - - - the modified macromodel 2

shown, the saturation voltages differ from the data sheet figures over the full range of
the output current variation by less than + 0.2 V.

4. CONCLUSIONS

The proposed modification of the macromodels of operational amplifiers ena-
bles the relations between IC’s saturation voltages and output current to be modelled.
Commonly used macromodels (provided by 1IC’ manufacturers) take into account no
variations of these voltages. Therefore, the modification ensures higher accuracy of
modelling the relation between the saturation voltages and the output current. As the
result of the modification, the macromodel’s accuracy has been improved over wide
variations of the load, power supply voltage and input signal. This fact is particularly
important for high-power IC amplifiers where errors of simulation calculations for
the maximum output power, supply power, power dissipation, etc. may reach several
dozens of per-cent in case of the original macromodels.

There is no significant rise in the macromodel complexity as the modification
consists in supplementing the macromodel with one controlled source or resistor placed
in its output circuit. Data sheets of ICs are sufficient to determine new parameters
of the macromodel. To introduce the modification to a macromode] netlist, we need
to renumber the output node, to insert one additional line to describe a non-linear
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controlled source, H, or a resistor, R, and to change records in two lines of original
netlist (change to EMF values of VC and VE sources).

The above example of the modification of high-power operational amplifier macro-
model provided by its manufacturer, Burr-Brown Company, proves the practicality of
modified macromodel to such applications where IC can operate over a wide range of
supply voltages, load resistance and control signals, and where high modelling accuracy
for saturation voltages (and also maximum and minimum output voltages) is required.
Even in the case of a simple modification of the company’s macromodel consisting in
an addition of just a single resistor, the modelling error for the relationship between the
saturation voltages and the output current is not greater than a fraction of a volt and is
by one order of magnitude lower than the error attained for the original macromodel.
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The article presents the comparison of digital images algorithms together with the
author’s realization of an algorithm based on the singular value decomposition method.
Images from the field of electronics, from four different categories were examined. Qu-
alitative studies were conducted according to the level of compression, we also conducted
comparative studies with other methods of compression. The results of our measures show
a little usefulness of such simple-form compression algorithm based on SVD, but they also
point to the possibility of using SVD method as one of the stages of more complex image
compression algorithm.

Keywords: singular value decomposition, electronic image compression, comparing com-
pression method

1. INTRODUCTION

Together with the increase of hard disks capacity, we have not abandoned complex
methods of data compression. Archiving the results in graphic form, widely used in
many types of measurements, brings about the need of searching for more effective
compression algorithms, including image algorithms. An important argument for this is
also widespread sending and presenting graphic images in the Internet. In this article,
we evaluated the usefulness of the singular value decomposition in compression of
digital images, comparing it to other known compression algorithms.
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2. SVD DECOMPOSITION AND RECONSTRUCTION

Singular value decomposition consists in saving a set of data in the form of a
smaller set of data with the most effective features of the former, preserving most of
the information about that set. A

For every real matrix A of the dimensions m by n, where m is the number of lines
and n — number of columns, there are such real orthogonal matrices U of the dimensions
m by m and V of the dimensions n by n, for which the following dependence is true:

UTAV =% = diag(oy, 05, ..., 07)) 1)

where l=min(m,n). If the size of A matrix equals r. then:

01209 2,.,20,>0,01 =02 =,..,=07=0 (2)

The columns of matrices U and V are called left and right singular vectors, re-
spectively.

Matrix % = diag(o, 04, ...,0%) is a diagonal matrix of singular values o of di-
mensions m x n arranged in descending order.

There are many algorithms of numeric matrix decomposition according to singular
values. One of them, a numerically stable algorithm proposed by G.H. Golub and C.
Reinsch is based on orthogonal transformation of the input matrix using Householder
transform to the form of bidiagonal matrix, which is subjected to diagonalization, in
the process of which we obtain singular values [1].

To reconstruct the original matrix, we only need to transform the I values to the
following form:

A=UsvT (3)

In the process of reconstruction it is not necessary to use entire U, V, ¥ matrices,
but only their parts, decreasing the order of singular value matrices ¥. We obtain then
more or less exact image of the original matrix A dependent on the number of singular
value elements o taken into account.

3. USING SINGULAR VALUE DECOMPOSITION METHOD FOR LOSSY
IMAGE COMPRESSION

Using one of the SVD properties, stating that in order to reconstruct the original
image with high similarity, it is not necessary to use all the elements of UV T matrices
obtained during decomposition, but only parts of them, SVD method was used for
lossy image compression.

The original image, a bitmap of dimension m-by-n saved as one matrix, has the
size represented by the formula:
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M=b-m-n 4)

where: M — memory size in bits, b — number of bytes needed for pixel, m — image
width in pixels, n ~ image height in pixels.

An image subjected to SVD decomposition using r singular elements can be saved
as U matrix of dimension m-by-r, V matrix of dimension n-by-r and singular value
vector of diagonal matrix ¥ of dimension r. So this image can be saved to the memory
of size expressed by the formula:

Msyp = bsyp - r(1 + m + n) (5)

where: Mgyp — memory space taken up by an SVD compressed image, r — singular

value matrix row, bgVD — number of bits needed for save one element with SVD
compression.

From the above data we can calculate that the difference in memory space needed
to save the original and the compressed image is represented in the following way:

Ma',‘f:M“MSVD:b'In'I’L—bSVD'I’(l+m+i’l) (6)
We can easily see that this difference in memory size will be positive Mg;r > 0,

i.e. compression will take place if the following inequality is fulfilled:
bsyp-r(l+m+n)<b-m-n (7

which conditions that in order to obtain economical use of memory needed to save an
image, the singular value matrix row cannot exceed the value expressed by the formula:

- b-m-n ®)
bSVD(l +m+n)

Only if the inequality 7 is fulfilled, we can apply SVD data compression in order
o save memory space.

Assuming that:

7

b= bsyp &)
We will obtain a simplified formula:
PR (10)
l+m+n

Actually, we cannot make such an assumption. It results from the fact that the
original image, a bitmap, is saved using numbers from O to 255, i.e. 8-bit numbers.
Using singular value decomposition method we obtain three smaller matrices, but
matrices of real numbers, at least 8-bytes. To save detailed real number matrices,
we need more memory space. That is why memory size needed to store an SVD
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compressed image is usually larger than it arises from the size of a matrix itself
obtained in the process of decomposition. The percentage compression level can be
represented by the following formula:

MSVD b‘gyp-r(l +m+n)

) 100 = (1 — )- 100 (an
b-m-n

k=(1

It is therefore necessary to apply additional operations reducing memory space
needed to reconstruct information image, e.g. quantization[7][10]. However, quantiza-
tion introduces additional distortion of the image in the form of quantization noise
visible in the image as colour hues of the original image. We can apply more detailed
quantization, but it forces the use of more memory space, reducing compression level.

4. ANALYSING SIMILARITY LEVEL OF COMPRESSED IMAGE WITH
ORIGINAL IMAGE

To evaluate compression quality using SVD method, as well as in comparing with
other compression methods, the following image similarity criteria were used:

e subjective evaluation

e comparing histograms

e determining PSNR ratio

Subjective evaluation consists in visual comparison of images, and their total si-
milarity was determined on the basis of visual identity.

Comparing histograms consists in making diagram of differences in color hues.

Detemining PSNR (Peak Signal to Noise Ratio)[7], in order to determine similarity
between the original and the compressed image expressed in decibels consisted in
calculating the value from the formula:

2
PSNR = 10log,, 'M‘C'S'E (12)

where: ¢ — image color number coefficient, MSE — mean squared error of difference
between two images, represented by the formula:

n

1 m
MSE = — § § (UG, J) = LG, DI (13)
i=1 j=1

where: m — image width, n — image height, I, — original image of i, j coordinates, I,
— compressed image of i, j coordinates, [ — image width coordinate, j — image height
coordinate.

The above methods were not used to determine different values between images,
but to specify their similarity. In other words, it was important to determine whether the
compared images are similar to such an extent to compare their different compression
algorithms.
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5. REALIZATION OF COMPRESSION ALGORITHM USING SINGULAR
VALUE DECOMPOSITION METHOD

The algorithm using SVD method for lossy image compression was made in Matlab
environment. The original bitmap image was loaded to memory and saved in the form
of a matrix. SVD decomposition of the original image was made using the existing
SVD function. As a result of the decomposition, two matrices U and V and one real

type singular value vector

S were obtained.

Table 1
Main stages of SVD image compression

Lp Algorithm stage Matlab function
o 1 Loading the original image to matrix A A=imread(bmp)
'% 2 SVD decomposition, resulting in obtaining matrices U, S, V [U,S,V] = svd(A)
é')* 3 Uniform quantization of matrices U and V quantiz
S 4 Saving to a file with U, V matrix and S vector fwrite
5 1 Loading U, V matrices and S vector from the file fread
g 2 Reconstruction of the original matrix A = U SV7 A=USV
o
Q 3 Saving A matrix to file in the form of a bitmap imwrite(A, bmp)

Table 2

Influence of the number of quantization levels on the level and quality of compression

Quantization = 4bits
Compression level = 82.85%
Quantization noise : 0.0131
PSNR =17.13 dB

Quantization = 8bits
Compression level = 66.19%
Quantization noise : 0.000773
PSNR = 27.60 dB

Quantization = 12bits
Compression level =49.53%
Quantization noise ; 0.0000495
PSNR =33.58 dB
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Then, the matrices were subjected to quantization in order to change data type of
U and V matrices. The quantization process enables us to reflect a real value matrix
in the form of an integer matrix, reducing the use of memory needed to save it. It
is possible by assigning every real value, according to their range, to the number
of a given range. It results in the irreversible loss of information, because rounding
leads to irreproducible loss of precision when reconstructing the original image. So,
quantization introduces additional distortions of the image in the form of quantization
noise visible in the image as color hues of the original image. We can make quantization
more precise, but this forces us to use more memory, which eventually reduces the
level of compression. Table 2 presents the relationship between the level and quality of
compression and the number of quantization ranges. To reconstruct the original image,
it is enough to subject the matrices obtained during decomposition to the reconstruction
process described by dependence 3.

6. RELATIONSHIP BETWEEN COMPRESSION QUALITY AND
COMPRESSION LEVEL IN SINGULAR VALUE DECOMPOSITION
COMPRESSION

Singular value decomposition has already been examined in relation to its use in
many different images compression. Here, we examined its usefulness in electronic
image compression. Almost all types of electronic images have the following common
features:

e small number of colours

e huge unicoloured areas

e thin lines

e include text

e include details.

These features impose high requirements on compression algorithms and because
of those requirements, lossless compression methods are usually applied to image
compression.

According to formula 6 an 11, the highest level of compression occurs when the
singular value matrix row is the smallest. However, for low values of r, i.e. for small
singular value matrix row decomposition is so lossy that the compressed image is signi-
ficantly different from the original one. It is visible especially in histograms and results
from a small PSNR similarity ratio. Therefore it is needed to find balance between
compression level and image quality. In table 1 a comparison of the original image
with compressed images using different number of singular values is presented. As we
can easily see, the bigger is the singular value matrix row, the smaller are histogram
differences, higher PSNR similarity level and lower quality level. The differences in
histogram will always occur, because it is a lossy compression, it is only about that
the compressed image contained necessary pieces of information from the original
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7. COMPARING SINGULAR VALUE DECOMPOSITION COMPRESSION WITH
OTHER LOSSY AND LOSSLESS DATA COMPRESSION METHODS

Currently, electronic images are compressed using methods widely applied to other and
image categories. However, because of specific features of those images listed in chap-
ter 6, we look for more effective methods. Six compression algorithms were compared,
three algorithms of Jossless compression:

Table 4
PCB
imag
bar g

Comparing different compression methods with singular value decomposition method

Comparable electronic image categories and their data after

. . Image example
SVD compression. §C examp.

Image category: clectronic schematic diagrams

Quantization: 12bits

Quantization noise: 0.0000673

Number of singular values: 60
Percentage level compression: 39,4393 %
PSNR ratio: 33.27 dB

[ = PR S T T

Tmage category: printed circuit boards (PCB)
Quantization; 9bits
Quantization noise: 0.000391

Number of singular values: 60

Percentage level compression: 54.96%
PSNR ratio: 35.26 dB

Image category: digital oscilloscope oscitlogram.
Quantization: 10bits

Quantization noise: 0.000501

Number of singular valaes: 60
Percentage level compression: 49.44%
PSNR ratio: 3:4.08 dB

In
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Tmage category: electronic block diagrams
Quantization: 10bits

Quantization noise; 0,000227

Number of singular values: 70

Percentage level compression: 41.02%
PSNR ratio: 33.09 dB
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e LZW — dictionary coding scheme, used in GIF formats

e LZ77 — improved LZW, used in PNG format

e JPEG lossless — used in JPEG format
and three algorithms of lossy compression:

e DCT - discrete cosine transform, used in JPEG format

e DWT — discrete wavelet transform, used in JPEG 2000 format

® SVD - singular value decomposition algorithm, named ISVD format.

To compare, four electronic image categories were chosen: schematic diagram,
PCBs, oscillograms, block diagrams. For each of the categories, a minimum of three
images were examined. The mean results of our measures are presented in table 4 and
bar graph 1.

100

gHLzw

BUPEG lossless
Chizey

Oocr

BOWT

gsvD

Pacentage tevel compression

Schematic diagrams PCB Oscillogram Block diagrams

Image category

Fig. 1. Comparable electronical image categories and their data after SVD compression

8. CONCLUSION

In the work, a method of electronic images compression using singular value
decomposition was presented. The qualitative (chapter 6) and comparative (chapter 7)
studies conducted show that SVD compression in its simple form does not produce
better results than the existing lossy image compression methods. What is more, such
a compression produces even worse results than those of lossless compressions, which
are ideal for image compression. However, the best level of compression for digital
images ensures LZW dictionary method used in GIF formats. It results from the spe-
cific digital image features. e.g. small number of colours. It results mainly from the
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di

fferences between the data type of the original image matrix and data type of the

SVD decomposition matrix. However, usually we do not use only one method while
compressing, but a whole set of algorithms decreasing image size in several stages. So,
the SVD matrix decomposition method can be used as one of the image compression
stages, which can be supported by other methods decreasing memory size, e.g. quan-
tization, coding or transform [3][4]. In this case, there is a chance that compression
method at least comparable to the results of other existing image compression methods
can be obtained.
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In this paper a new mathematical model for a space charge transport through a solid
placed between the two electrodes is presented. Using new equations for allowed electron-
hole transitions, the effect of the light on the electric field distribution and on the shape
of current - voltage characteristic is determined. For a space charge distribution some new
singular solutions are obtained. Also, some new shapes of current - voltage characteristic
with negative resistance are determined. In this paper it is found that the system can act as
an n-p-n or p-n or n-n blocking diode.

Keywords: double injection, current flow problem, trapping levels

1. INTRODUCTION

One of the fundamental problems of a macroscopic theory of electric conduction
is to find the total concentration of charge carriers in a solid placed between the two
electrodes. In this paper, we will assume that the divergence of the electric field distri-
bution will be defined by the total concentration of carriers. Also, we will suppose that
the contact processes have an influence on the shape of the electric field distribution,
which corresponds to a current — voltage characteristic. Additionally, we will determine
the effect of the light on the space charge density distributions.

The purpose of this work is to find a relation between the space charge distributions
and a current-voltage characteristic of the metal — solid — metal system.
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2. THE NEW MATHEMATICAL MODEL

In this paper, we will consider a solid in which the system of atoms is very chaotic
and the different structural defects (pollutants and impurities, the Frenkl defects) and
dislocations occur. This property will be characterised by the Zeemann internal effect
(the splitting of the total energy of an orbital electron). For an orbital electron in
the given atom, we will assume that the total energy (the sum of the positive kinetic
energy and the negative potential energy of the electric field of the positive nucleus) is
negative and that the zero reference level is at a finite distance from the nucleus. These
properties are shown in Fig. 1 and in Fig. 2. In the case of an isolated atom (here
in Fig. 1a it is symbolised by the A atom) the total energy of an orbital electron is
negative for any distance from the nucleus. When an orbital electron absorbs a portion
of the kinetic energy of a photon or a phonon, the total energy of the electron increases.
The inverse case is when an orbital electron can lose a portion of the total energy.
This is caused by the Coulomb force interaction between the orbital electron and
the positive nucleus. With such the physical assumptions we will determine some
internal and boundary processes (which are shown in Fig. 1-3). First let us return to
Fig. 1a. Here, let us take into account the two valence electrons of the isolated atom A.

Yy () (b) (c)

0 - B —— —fB. the zero level

W, -

W, 1
e the electron
o thehole

w

A the atom

Fig. 1. The splitting of the energy state and an electron-hole generation: (a) two valence electrons of the
A isolated atom; (b) the A atom is packed closely together with many other adjacent atoms and two
valence electrons fill the W,; higher energy level as well as these electrons absorb the energy hv, and

hv.. of incident photons; (c) the same situation for the A atom in a solid and two empty states are left by
two valence electrons. W is the total energy of an electron, k is the Planck constant and v, ; v_ denote

the frequencies of photons

These electrons occupy the W, energy state with the spin number s = +1/2. When this
atom is packed into a solid (that is, the A atom presents a pollutant or an impurity in
Fig. 1b), these electrons can occupy the higher energy state. Such the property can be
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§§§go P “p > A ~ the atom
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O B - the atom

Fig. 2. The energy diagram for the internal and boundary processes in a solid placed between the (+)
anode and the (~) cathode. W denotes the total energy of an electron

explained by the splitting of the W, energy state. In other words, this is caused by the
different internal interactions (for example, the Zeemann internal effect) between the
A atom and many adjacent atoms. Next, when a portion of the kinetic energy is given
to the two valence electrons, these electrons can become free. The two empty energy
states (which are left by the electrons) represent the two holes (this effect is shown in
Fig. 1c). In Fig. 2 some internal and boundary processes are presented when a solid
is placed between the anode and the cathode. Here the pollutants or the impurities are
symbolised by the A or B atoms. Between the zero and valence levels many energy
states (the trapping states) are available for the holes and for the electrons. When an
orbital electron absorbs a photon, this electron can pass from the valence level to the
zero level via trapping levels. In Fig. 2 this is symbolised by the photon energy hv,.
The inverse case is when an orbital electron can pass from the higher trapping level
to the lower trapping level and an energy portion hvy is emitted. Here, % is the Planck
constant and vy ; v, denote the photon frequencies. Analogously, we are known as the
allowed transitions for the trapped holes. Such the allowed electron — hole transitions
are called carrier generation - recombination processes. When an external electric field
supplies the different kinetic energy to the two adjacent atoms (in Fig. 2 this property is
characterised by the mobilities H;1 and ), the trapped electron can pass from trap to
trap in the given trapping level. When the external electric field is applied the electron
can pass from the cathode into a solid. Moreover, this electron can become free and
have the mobility ,,. Similarly, the hole injection occurs when the valence electron can
pass from the bulk into the anode and the valence state is empty. When the external
electric field gives a portion of kinetic energy to the valence electron of an adjacent
atom, this electron can pass from the atom to the given atom and can fill the empty
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state on the valence level. Such the transport is characterised by the mobility y, in
Fig. 2.
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Fig. 3. The energy diagram illustrating a model (1)-(7): (a) allowed electron transitions; (b) allowed hole
transitions. W is the total energy of an electron

For our mathematical considerations, the trapping levels will be grouped into the
four permissible energy levels (this concept is shown in Fig. 3). With this assumption,
the so-called effective parameters such as the frequency parameters ¢;; and ¢;12 as well
as the recombination parameters ¢y, and ¢y will be used. For the trapped electrons,
the concentrations of traps in the first and second trapping level will be represented
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by Ny and N, , respectively. Analogously, for the trapped holes, the concentrations of
traps in the first and second trapping level will be equal to P;; and P,,, respectively.
The system of atoms will be treated as an unlimited reservoir of traps, that is P;; >>
Py P >> ppy Ny >> ny and Ny >> npp. The metal-solid-metal system will be
represented by a planar capacitor system with the anode x = 0 and the cathode x = L
(the system is shown in Fig. 4). Also, L denotes the distance between the electrodes.
Moreover, we will assume that the diffusion current is negligible [1-6]. For a solid,
we will assume that the polarisation effect is characterised by the dielectric constant
€. Additionally, the carrier mobilities are independent of the electric field intensity
E [7-9]. For the x = L contact, we will consider a special case of electron emission
from the cathode into a solid (this property is shown in Fig. 5). Here, for a solid,
we assume that the contact structure is strongly nonhomegenous. On these conditions
a secondary electron emission occurs [10-14]. This property will be represented by a
vacuum capacitor with the contact voltage V, and a distance parameter denoted by L—d
[15]. In our considerations, for the planar capacitor system, the basic equations such
as the Gauss equation, the continuity equation, the generation-recombination equations
and the field integral will be used. On this basis, the space charge transport through
the bulk is described by

e dE(x,t
: éx ) _ PO + P, £) + polx, ) — (n(x, £) + ny(x, 1) + np(x, 1) a)
9 op(x, 1)
5; {{:unn(X, )+ pr(x, )+ pang(x, £) + ppnp(x, t)] E(x, t)} + —_‘_D._(a_t_._
(2)
+6p,1(x, n . Opn(x, 1) On(x,0) _Onn(xn1)  Ona(x,1) 0
on(x,t P
(at - viaPuvmng (5, H=caNan(x, £)=Cin(x, Dpa (X, D+ =~ [uan(x, DE(x, )] (3)
Opn(x,t
priﬂ(t L VP + e Papo(s D) — enPopa(o ) - Gl Dpn () (@)
Opn(x,t
Ptza(t ) = c2Pupn(x,t) — co1Pupo(x,t) = vapo(x, t) + coPop(x, t) (5)
0 ,t
jﬁé%{"_z = o Nanp(x, t) = vpaa(x, 1) — cppNpng(x, 1) + e Nan(x, 1)
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antQ(x’ Z)

Eraae VN + coNon (x, 1) = ¢ Nynp(x, £) — Cop(x, Hngp(x, 1)
5 ‘ (7)
+5; [prann(x, DE(x, 1)]
with the voltage condition for a solid
d
fE(x, Hdx =V, (8)
0
And also, the electron transport between the electrode and a solid is as follows
Eo(x,t
L ©)
0 Ong(x, £)
il = Ot 1
P [nro(x, )9 (x, )] Y (10)
-2g f Eo(x, dx = m9*(x, 1) - mO*(L, 1) (11
J ,
L
f Eo(x, t)dx =V, (12)
d

Here, g = 1.602 - 107°C, &y = 8.85 - 102 F/m;: Ey is the electric field intensity in
a vacuum, m is the effective mass of an electron, x is the distance from the elec-
trode, t is the time, ¢ is the velocity of an electron; n, ng and p are the free hole
and electron concentrations, respectively; n,1, np, p1, pry, are the concentrations of the
trapped holes and electrons, respectively; p,1 and p,, are the mobilities of trapped
electrons; Vp2s Vul, Vi1, Vi2 denote the frequency parameters: ¢n> Cp, Cy, ¢y denote the
recombination parameters. The applied voltage V between the electrodes of a planar

capacitor is
V=Vi+V, and V =const.>0 (13)

With the above equations (1)-(13) we shall define the stationary state and we shall
find different current-voltage characteristics.
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3. THE STATIONARY STATE

Letting (8/3¢) = 0 in (1)-(12), the stationary state of the space charge transport is

determined by the following equations

de():)
g dx

= p(x) + pr(x) + pr(x) ~ ((x) + 1y (x) + np(x))
J = qE() [ an(x) + ppp(x) + prang (x) + /1;271,2()6)] . J = const.
VA Py + Va1 (x) = caNan(x) — Con(x)py (x) + 2‘% [an(x)EX)] = 0
VP + ¢ P pe(x) = ciaPapi (x) = Con(x)pa(x) = 0

ci12Prpi(x) — conPrpn(x) = viopn(x) + cnProp(x) =0

d
c21Nnnp(x) = vnn(x) = ciaNpna(x) + ¢, Npn(x) + e [ (DEMX)] =0

d .
VN + c12Npng (x) — e Njnp(x) — Cpp(ngs(x) + I [nnn(x)E(x)] =0

d
fE(x)dx =V
0
dE

£0 o) _ —gqno(x)

dx
J = gqno(x)d(x)

~2g f Eo(x)dx = m9*(x) — m9*(L)
L

L
j E()(X)dx = Vz
d

(la)

(2a)

(3a)

(4a)

(5a)

(6a)

(7a)

(8a)
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Here, J is the current density. The space charge transport through the system will be
characterised by a current density-voltage function in the form J = J(V) or voltage
— current density V = V(J). In order to find these functions, we have to define the
boundary conditions describing the mechanisms of carrier injection from the anode
x = 0 and the cathode x = L into the bulk.

First let us combine (9a)-(12a) in order to find a function Ep(x). From (9a) and
(11a) it follows that the derivative dEs/dY is

dEy _dEp/dx  mJ (14)
d9  dd/dx  geykEy,

Hence, with the assumption Eq(¢ = 0) = 0 we obtain the electron velocity in a vacuum

ﬁ:%%-% (14a)

dE
Next, on this basis we can find a space charge density distribution 80"7)-6—0-. Using
a
(9a) and (10a), we have

2
o ibo S 2ml (14b)

Thus, a function Ey(x) is in the form of

(1

6mJ>?
%m:[zz@—m+ﬁmﬂ (15)

0

Substituting (15) into the voltage integral (12a), the contact voltage V, can be
expressed by the boundary value Eo(L) in the form

,_q‘gg 6’”]2'" 3 §— 4
Vy = a2 {[-;;E—(L d) + EO(L)} Ey(L) (16)

Now, for a solid region x €< 0,d >, we will assume that generation processes
are dominant. According to (1a)-(8a), this property will be expressed by the following

condition
h=cp=Cp=C =0 17)
Under conditions of (17), as a function of x, the hole current density distribution
is linear
gupp(X)E(x) = C](szsz + thptl) cx +Cy (17a)

where C; is the constant of integration. For the trapped holes we will introduce into
our analysis the following time parameters



318 B. SWISTACZ ETQ.

-1.

-1
coPi=caPo=1 cpPo=1, (18)

Hence, on the basis of (4a) and (5a) we ascertain that the trapped hole concentration
depends on the free hole concentration

27,‘21 2
pi(x) + pplx) = — - p(xX) + vy Py | — + 112 (18a)
V2 V2

For carrier generation processes, we additionally assume that the trapped electrons
in the second trapping level are immobile, that is u,; = 0. With this assumption, from
(72) and from (17) it follows that the concentration n,(x) is uniform

no(x) = VNt 15 = caNy (19)

For our carrier generation problem, we will consider a case in which the time
parameters satisfy the following equation

P 2
Ty = MLk (...__ + Tz12) (20)
VN \vio

With (20) we will determine the right hand side of (1a). First, let us notice that there
is

-1

2
p(x) + pa(x) + pr(x) — np(x) = (1 + %) - p(x) (20a)

Now, instead of (1a) we have

de(x) 3
g dx

27;21
(1 + ’—““) - p(x) = n(x) = ny(x) (20b)

V2

In order to determine a function E(x), we introduce into (20b) the new variables

qupP(X)E(x) qupn(x)E(x) gptpha (x)E(x)
Ay = s = Ay = —————— 2D
J J J

Thus, (1a) and (2a) are respectively written as
s, dE 277

Frp e 22 - 02 22)
J dx Ve

12/11-%}‘1/{2-*'}”2/13; ri Z&E; I‘QZH-EL (23)

Hp Hp

For our analysis we assume that v,; =~ v,; and P,y = N;. With such internal
parameters we have a function A(x)
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P
p= LT e (24)
1”1]
Here C; is a constant of integration. Combining (22)-(24), we get
g, dE 1 273 — 1
LpT ofie Ll e Jnon, 1 (25)
J dx r Vi r r
Next, taking into account (24) and (21) as well as (17a), (25) is written as
dE
E— =qpx + C4 (26)
dx
where
12 (ra—ry)
ap =L . (1 +o— 4 L2 J(Vp2Nt2 + Vzlptl) + Z"‘z“*"“l-VrlPtl @7
Elp r V2 EfprT

and C3 denotes a constant of integration. We can notice that there is @y > 0. In the
particular case, when Hp = My = g1, (27) results in

290 ™
@ = —— (v,oN; + vaP);0 =1+ % (27a)
Elp V2
Let us notice that the equivalent form of (26) is

dE  op(x - x
5.;:..____..0<E 2.5 = —ap - %, (28)

Here xy denotes a new constant of integration. From (28) we obtain two singular
solutions, namely

Ex(x) = —+ag-(x-x) and Ey(x) = Ve - (x ~ xp) (29)

Another solution follows from (26), that is

E(x) = Vay - x2+b - x + EX0) (30)

where b is a constant of integration. Using (29)-(30) and (16) and the applied voltage

V = V14V, we can define the current-voltage characteristic in the following parametric
form

V'=VildEO)] + ValJ, Eo(L)] and J = f,[E0)] and J = JulEo(D]  (31)

The boundary function Jo and f;, describe the mechanisms of catrier injection
from the anode and the cathode into the interior of the system. First, let us consider a
singular solution E;(x). The integral (8a) is
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d
Vi= fEl(x)dx = ——\/g_g (dz - 2x0d) for xp 2 d (32)
0

that is
Vi==Vig+Ei(0)-d ; E(0)= vag-x ;3 J = folE(0)] (32a)

where
Vip = —“/fo—-af (32b)

A formula (32a) is equivalent to
£, )

J = fol(Vi + Vig)d] > (33)
NS

Now, we will define a current density — voltage characteristic (31) when a boundary

function J = f3[F(0)] is strongly monotonic. Using (16) for (31), we have (a case of

an n-n junction)

_ 1 qe; [[6mJ? 3 : 4
V=-Vy +f0 (Jy-d+ Fo {[ o 0 (L-d)+ E (L)} EO(L)} (34)

and J = filEo(L)]

Here fo“l(J) denotes the inverse function. A boundary function J = fi[Eo(L)]
describes the mechanism of electron injection from the cathode into a vacuum. Ana-
logously, proceeding with a singular solution E,(x), (33) and (34) are replaced by (a
case of a p-n junction)

J=folVi = Vig)d] 5 x <0 (35)

as well as

2 ([6ms? ;
V=Vt ) d+8‘18; {[;” (L — d)+E8(L)] ~Eg(L)} (36)
0

and J = fiEo(L)]

For singular solutions (29), another case is when there is 0 < x¢ < d. Thus, in
a solid the electric field distribution can be defined as follows (a case of an n-p-n
junction)
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E(X)Z{El(x) ; 0<x<x

(37)
Ex); xg<x<d
Consequently, the integral (8a) is written as
Xo d
Vi = fEJ(X)([X + sz(x)a'x
0 X0
Hence, on the basis of (37) and (29), we have
E*0 1
vy = 2 )-a’-E(O)+V10 2 3Vie Vi< Vig (38)
@

A voltage parameter V1o is expressed by (32b). Taking into account (38) and ( 16),
a function (31) results in

4

2 2 2 3
V=V~ EQ) -d+ E\/S;OE) + 83532 {(6;19]2 (L—-d)+ Eg(L)] — Eg(L)} (39)
]

and J = fo[E(0)] and J = f;[E«L)]

Here J = f,[E(0)] describes the mechanism oh hole injection from the anode into
the bulk and J = JLIEo(L)] describes the mechanism of electron injection from the

cathode into a vacuum. Now, let us return to (30). Another case of an n-p-n junction
occurs when there is £(0) = E(d), namely

2
1
E(x) = 4] (x - g) +K ; K =E*0)- Zaodz >0 (40)

Here K is a constant of integration. Substituting (40) into the integral (8a), we obtain

. E0) + £ Vag
Vi=o—=1{Vagd EQ) +K -In|—2 Y
1=3 Mao{ ag ) + nE(O)m% =

We can show that a function (41) is defined for K < 0. Some mathematical
properties of (41) are as follows

};KZO;K<O (41)

230 d
4E°O) ; E0) << = +/ay
Vv, = 3apd 2

d
E©O)-d ; E0)>> E@

(41a)
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| /
Vi— SVio as E@©) - 52—\/"% (41b)
dv, d
S OEO) = S g 41
dEO) >0 E@O) # 5 Vag (41c)
A% d
—_t E — A/ 41d
dEQO) — +oo as E(0) — 2 g ( )

Thus, substituting a function (41) and a function (16) into (31), we ascertain that
a function V = V(J) is defined. As an example, let us consider a case in which the
cathode injects an infinite amount of electrons. For example, this is acceptable when
there is Eo(L) = 0. With this boundary condition, a function (31) becomes

ao} Qﬂzz(@n) L~ a’)3
[0 1) qEO

(42)
and J = fy[E(0)]
And a boundary function fy describes the mechanism of hole injection from the

anode into the bulk. A special case occurs when d — L and sE(d) = gyEy(d). Now,
instead of (42), a function (31) takes the following limiting form

E@©) + ¢
E(0) - ¢

1
= {\/aod E0)+K-In
0

E(©) + 4 v
3 J = folEO 42
N“ T QO} AIEOT  @22)

Here, there must be fo[E(0)] = fi[s, E(L)] and &, = &/sy.

{\/_"d E©0)+K-In

4. DISCUSSION and CONCLUSIONS

In the above, we have determined the divergence of the electric ﬁeld distribution.
For the bulk, when carrier generation processes are dominant and the condition (20)
is valid, the electric field intensity satisfies a homogenous equation (26) or (28). Upon
these conditions there exist two singular particular solutions E;(x) and E,(x) (which
(29) expresses) as well as the general integral (30). First let us discuss the shape of
a current density — voltage characteristic J = J(V), which is determined by (34) and
by (36). Here, let us assume that a boundary function fy[E(0)] is strongly increasing
and fo(0) = 0. Similarly, the same assumption is for a boundary function f7[Eq(L)].
According to (33)-(36), we see that the J(V) curve is displaced and strongly increasing.
For (34), we ascertain that the J(V) curve can exist only for V > Vg and for fo_l(J) >
d - Jap. In other words, there exists a set of values of applied voltage V in which
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the current density J is not defined. This property denotes that the whole system acts
as a solar cell. In the case of (36), we see that the J(V) curve is strongly increasing
for V>Viand J(V)=0for0<V < Vio. Therefore, the system acts as a perfect
blocking diode and a voltage stabiliser. Also, this mathematical property corresponds
to a solar cell. The third case of singular solutions is expressed by (37)-(39). Here,
in what follows, we take into consideration the same as above boundary functions
Jo[E(0)] and f1[Ey(L)]. On the basis of (38), we ascertain that a function (39) can

d
exist only in a set of 0 < J < So(2E)p), where there is Ejy = 5 vao. For (34) and

(36) as well as (39), some example of the shape of the J(V) curve is illustrated in Fig.
6. Now, let us return to the particular integral (40). In this case, at the anode region

d
O0<xx< ok the space charge density ¢, = 8;1,’_— < 0 is negative. Analogously, for the
X

bulk, at the x = d contact region, that is 5 < x < d, the space charge density is positive

(b)
J a @ J a J Ar ©
J1 ' Jl 7 /
S B E— = f >
UL oy, 7 o, 4

Fig. 6. The J(V) curves shaped by the singular solutions: (a) the curve corresponds to £;(x) or to (34);
(b) the curve corresponds to E,(x) or to (36); (c) the curve corresponds to (37) or to 39

Jo Jo A
0

VV
jen)]
—

I;
Vio

Fig. 7. The J(V) curves correspond to (40) for K > 0 or K < 0: (a) the effect of a secondary electron
emission is important; (b) a secondary electron emission is weak
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(a) (b)
J 4 J a
| d— L 1
/! ks |
Jo 7 \ “ Jo
: —\ k
T > 0 T T "V
O _1_[/10 V l_Vm VlO
2
J A (C)
d<L |
K=0

J
0 fz X

0 Vo v

Fig. 8. The J(V) curves correspond to (40) or to (37) for K > 0: (a) a boundary function f, is decreasing
for 2V < Vig or fy is increasing for 2V > Vyy as well as a secondary electron emission is weak; (b) f; is
increasing and f,(0) = 0 as well as a secondary electron emission is weak; (c) a secondary electron
emission is important and f; is increasing and fo(0) = 0. Here 1 — denotes (42)-(42a) and 2 — is (39)

dE
qv = €—— > 0. Thus, the whole system acts as an n-p-n junction and the J(V) curve can

be of thg form (42). Moreover, we see that the bulk absorbs a portion of external solar
energy in order to form the internal electric field (this physical property is expressed by
K < 0). Some example of the shape of (42) is illustrated in Fig. 7a, when a boundary
function fo[E(0)] is strongly increasing and fo(0) = O. If there is § — 0 as d — L,
then (42) can be replaced by (42a) (an example is illustrated in Fig. 7b). A function
from Fig. 7 is typical for the SiC structure [1, 12, 13]. In Fig. 6-8 there is Jo = fy(E1o)
and Jy = fo(2E10).

5. SUMMARY

In the above we have supposed that the divergence of the electric field can be
described in terms of the total energy of an orbital electron.

Vol

pre
be

(@)

(aa

wh
and
(aa:

and

whe
vaci

we |

P b B b M R el e e e



Vol. 53 — 2007 A BIPOLAR SPACE CHARGE PROBLEM FOR SOLIDS INCLUDING, .. 325

The main idea of a space charge theory is to identify the internal and boundary
processes that occur in the metal — solid — metal system. In general, this problem can
be solved by the following electric field conditions [1-3, 5, 6, 13, 14];
(a) the transient state of the discharging capacitor, characterised by

d L

fE(x, Ddx + on(x, Hdx =0 for t>0 (43)
0 d
(aa) the transient state or the stationary state of the charging capacitor, described by

d L

fE(x, Hdx + on(x, Hdx =V(@)#0 for >0 (44)
0 d

where the voltage function is usually of the form V(¢) = const. or V(t) = V,, sin wt,
and the parameters V,, and w are given; as well as
(aaa) the open system, in which the total current density J; is

Ji(t) = e0E(x, )0t + J.(x,t) = OorJ,(r) = E00Ey(x, /0t + Jo(x,1) =0 (45)

and

g
T = Jeolds 1) = T 1 (45a)
where J. and Jo are respectively the convection current densities in a solid and ina
vacuum, and gy is the surface charge density on the plane x = 4.
In this work, by making use of the current density — voltage characteristic J(V),

we have identified the interior and the boundaries together.
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