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Some Useful Results Related with Sampling
Theorem and Reconstruction Formula
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Abstract—In this paper, we present some useful results
related with the sampling theorem and the reconstruction
formula. The first of them regards a relation existing between
bandwidths of interpolating functions different from a perfect-
reconstruction one and the bandwidth of the latter. Furthermore,
we prove here that two non-identical interpolating functions can
have the same bandwidths if and only if their (same) bandwidth
is a multiple of the bandwidth of an original unsampled signal.
The next result shows that sets of sampling points of two non-
identical (but not necessarily interpolating) functions possessing
different bandwidths are unique for all sampling periods smaller
or equal to a given period (calculated in a theorem provided).
These results are completed by the following one: in case of two
different signals possessing the same bandwidth but different
spectra shapes, their sets of sampling points must differ from
each other.
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l. INTRODUCTION

T seems that everything has already been said about

sampling of signals, sampling theorem, and reconstruction
formula. Everything seems to have been fully explained in
thousands of articles and textbooks published on the above
subjects. However, that is not entirely true, as we will see in
this paper. We will show here that there are still some
properties of the sampling operation and reconstruction
formula that we did not get to know yet.

The paper is organized as follows. Section Il contains a
short description of basics of the sampling theorem and of the
reconstruction formula [1]-[6], which we will need in
derivations of the next sections. In section Ill, we show that
bandwidths of interpolating functions different from the
perfect-reconstruction one are greater than the bandwidth of
the latter. Three interesting observations are presented in
section 1V. First, we prove that two non-identical interpolating
functions can have the same bandwidths if and only if their
(same) bandwidth is a multiple of the bandwidth of an original
unsampled signal. Moreover, we show that sets of sampling
points of two non-identical (but not necessarily interpolating)
functions possessing different bandwidths are unique for all
sampling periods smaller or equal to a given one (calculated
in a theorem provided). Finally, we complete the above two
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results with the following one: in case of two different signals
possessing the same bandwidth but different spectra shapes,
their sets of sampling points must differ from each other. The
paper ends with section V that contains conclusions.

Il.  PRELIMINARY MATERIAL

Let a signal x(t) of a continuous time variable teR,

where R denotes the set of real numbers, be sampled
uniformly with a sampling period T, what leads to receiving
an infinite set of signal samples. We denote it here by

{r X (=T ), %(0), X(T ), =x{KT } k =...,=1,0,1,.....
Assume now that only the set of samples, as defined above,
of a signal x(t) and the sampling period T are available. And

having this, we want to recover an unknown form of the signal
mentioned. That is we want to deduce from this data a
function of a continuous time variable t that would be an

original signal X(t).

Before proceeding further, let us however note that the
operation of signal recovery from its samples, as stated above,
can be viewed as an inverse operation with respect to the
signal sampling. So, as such, it can be formulated as searching
for an appropriate inverse operator. However, this operator
can exist or not. Obviously, when it exists this leads to
achieving a perfect signal reconstruction from its samples.
However, in cases it does not exist, it will be always possible
to find an imperfect version of the original signal. Then, in
terms of operators’ terminology, we will speak about
searching for a good pseudo-inverse operator.

As we know, with regard to the problem stated above, there
exists a highly celebrated sampling theorem, which uses the
following formula:

2(t)= 3" (KT ) sinc(t/T —k) . &)

k=—0

where the function sinc(t) is defined as
sinc(t) =sin(zt)/xt fort=0 and 1fort=0 (2)

and %(t) means a function being an approximation of x(t)

that exploits just the set x{kT} defined above. Further, the
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sampling theorem is formulated as follows: Let X(t) be such

a real function, whose bandwidth is finite. That is it denotes a
bandlimited signal having a Fourier transform X (f)

satisfying the following equation:
X (f)=0 for |f|>f, >0, (3)

where f means a continuous frequency variable.
By assuming (3), we say that the Fourier transform X ( f)

of x(t) is identically zero outside a closed frequency interval

<—f,, f, > So, the bandwidth of the signal x(t) is equal to

m? 'm
B=f,—-0=f_, where f means a real number. And,
assume additionally that X(f) is a piecewise continuous

f >.

m?! 'm

function on the set < —f

Then, the function x(t) can be exactly approximated (or,

in other words, it can be perfectly reconstructed from its
samples defined above) at every point t € R with the use of
(1), when the following:

T <1/(2f,) @

is fulfilled. As we know this constitutes the so-called sampling
theorem [2]. Furthermore, as it is also well known, (1) is
called a reconstruction formula or a cardinal series.

We do not often realize how powerful is the signal sampling
theorem. Its powerfulness follows from the fact that it really
expresses an equivalence between a series of discrete indexed
values and a certain function of a continuous variable.
However, we underscore that this is only true, when an
additional condition (4) is fulfilled. So, we see that the
knowledge regarding fulfillment or non-fulfillment of (4) is
crucial.

I1l. SAMPLING OF DIFFERENT SIGNALS LEADING TO
IDENTICAL SETS OF SAMPLES AND REPERCUSSIONS OF THIS

Assume that we sample different signals of a continuous
time t and get exactly the same sets of samples x{kT} in all

these cases. This is illustrated in Fig. 1.
Note that it is easy to get such a situation as that sketched in
Fig. 1. For instance, imagine you have a set of discrete values

{-X(=T),x(0), X(T),..} =x{kT}, k=..,-1,0,1,..., coming
from an unknown analog signal, Assume, however, that you
know its bandwidth, which is equal to B =f —0=1/(2T),

and you wish to interpolate this signal. As illustrated in Fig. 1,
you can do this in many ways, also with the use of the formula
(1). Note that in the case considered it allows you to perform a
perfect reconstruction (because the condition (4) is then
fulfilled).

A.BORYS

A X(®), x(kT)

-T 0 T 2T Tt

Fig. 1. Example showing three different signals of a continuous time variable t
sampled in such a way that the sets of samples x(kT), k =...,-1,0,1,...,

obtained are exactly the same in these cases.

An interesting question can arise regarding the above
interpolating curves: Are the bandwidths of the interpolating
functions different from that of the perfect-reconstruction one,
or are lesser, equal to, or greater than the bandwidth of the
latter? In what follows, we will answer this question.

Theorem 1. Bandwidths of interpolating functions different
from the perfect-reconstruction one are greater than the
bandwidth of the latter.

Proof: Obviously, the bandwidth of any of the interpolating
functions differing from the perfect-reconstruction one cannot
be equal to 1/(2T) because the latter is unique. So, their

bandwidths must be lesser or greater than 1/(2T). And, let us

start first with checking whether they can be lesser than
1/(2T ) To this end, assume that there exists at least one such

the function. Denote it as X, (t). Moreover, denote its

bandwidth and maximal frequency as B, and f

1
respectively. Further, let use T, for denoting the sampling

ml’

period equal to 1/(2fm1). Then, under the assumptions made
above, we have

B, =f,,=1/(2T,)<1/(2T)=f,=B . (5)

This gives T <T,. So, by virtue of the sampling theorem
invoked in section I, the interpolating signal x, (t), when

sampled at the rates 1/T, =2f_, and 1/T =2f_, can be

perfectly reconstructed using formula (1) in both these cases.
Therefore, we can write

X (t)= kixl(le) sinc(t/T, —k) =

0

(6)

x, (KT) sinc(t/T —k) .

k

0
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Now, on the other hand, note that we assumed that the
samples of the interpolating signals x(t) and x, (t) at the

points kT, k=...,—1,0,1,..., are equal to each other. That is
x(kT)=x(KT), k=.,-1,0,1,... Taking this
into account in (6), we get

we have

0

X (t)= D" x (kT,) sinc(t/T, —k) =
ke (7
= Z

) sinc(t/T —k)=x(t) .

However, this contradicts our assumption that xl(t) does not

identically equal X(t) (see also Fig. 1 for illustration). So,

because of this fact, we must conclude that it is not possible to
have an interpolating signal possessing the bandwidth smaller
than 1/(2T ). And this ends our proof. [

By the way, note that the problems of the kind mentioned
above do not occur, when an interpolating signal, say X, (t)

is assumed to have its bandwidth greater than 1/(2T ). With
an equivalent of (5) now in the form

=y(21,)>y(21)=1,=B. @

and T, have the same meaning as B,, f _,,

Bz = fmz

where B,, f,,

and T, for the signal x, (t), we can write

nc(t/T,—k)—

Zx KT) sinc(t/T —k)=

L ©
Z ) sinc(t/T, —k)—
K=
Z x(KT,) sinc(t/T, —k) =
= Z [ %, (KT,) = x(KT,)] sinc(t/T, - k) .
Note now that because the difference x, (KT, )—x(KT,) in

(9) for k=...,-1,0,1,... does not identically equal zero the
most right-hand side sum in (9) is not identically equal to zero,
too. That is AX (t) does not equal zero for all values of t, what

is true (once again see Fig. 1 for illustration).

Finally in this section, we stress the importance - for the
validity of considerations presented above - of the assumption

that the signal x(t) was sampled with such a sampling period
T that fulfilled the condition (4). Note that this was crucial.

IV. THREE OBSERVATIONS MORE

In this section, further three statements that regard the
sampling theorem and the reconstruction formula are
discussed. They are presented in form of short theorems, in a
similar way as Theorem 1. Moreover, their proofs are also
similar.

So, let us now begin with the first observation:

Theorem 2. Two non-identical interpolating functions that
were defined in the previous section can have the same
bandwidths if and only if their (same) bandwidth, let denote it

by f...isamultiple of the bandwidth f_ of the signal X(t).

Proof: We will prove this theorem by showing that
assuming two non-identical interpolating functions possessing
the same bandwidths leads to contradiction when f__ is nota
multiple of f_. To this end, assume that we found two
different interpolating functions x, (t) and X, (t) having the
same bandwidths f_ = f ,=f .. Sampling both of them
with the same sampling period, say T,

T, =1(2f,,)

the reconstruction formula (1) allows us to write

that is given by

, and applying then the sampling theorem and

0

X (t)= > x (KT,) sinc(t/T, —k) (10)

k=—o0

and

X ()= > X%

k=—00

(KT,) sinc(t/T, -k) - (11)

In the next step, observe that because we assumed that
x (t) and X, (t) are interpolating functions of a function

X(t), the following equalities:
X, (nT)=x(nT),

must hold. So, applying (10) and (11) in (12) gives

ki[xi(k-re)_

x (nT)= ,-101.., (12

X, (KT,) ] sinc(nT/T,—k)=0, (13)

which must hold forall n=...,-1,0,1,....

To proceed further, observe first that (13) holds for n=0.
That is because it follows from (13) that
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é[xl(kTe)
=..+0+0+[x(0)-

:X1(0)_X2(0) :

However, X, (0)=X,(0) (meaning that all the interpolating

X, (KT, )] sinc(—k) =

O)]+0+0+...: (14)

functions have the same value at the point t=0; see also
Fig. 1). Applying this in (14) leads to the conclusion that
really (13) holds for N = 0. Note also that the validity of (13)
for n=0 does not depend upon values of the ratio T/Te

occurring in (13).
In what follows, we will check validity of (13) for all the
other values of Nn. Now, however, we will need to distinguish

between two cases: first one when the ratio T/Te is not a

natural number, and second when it is.
We begin with the first one. Observe that then the values of

sinc(nT/Te —k) do not identically equal zero for all the

possible combinations of N Z — {O} , Where Z denotes the

set of integers, and K € Z . So, only way to satisfy equations
(13) is to require fulfillment of the following:
% (KT,)=x, (kT,), k=...,-1,0,1,.... Note however that
this, in view of the reconstruction formula (1), is equivalent to
saying that X (t)=X,(t). But, we assumed that the

functions X, (t) and X, (t) are not identical. So, we arrived

at a contradiction. That is the occurrence of this case is not
possible.

Let us now consider the second case when the ratio T/T, is
a natural number, and denote it by C,. (By the way, note that
in view of theorem 1 of section 11 this natural number will be
always greater than 1, ie. C, € N —{1}, where N denotes

the set of natural numbers.) Further, see that we can express
equivalently the above ratio in terms of the bandwidths as

T ]/(Zf) =c = f _=cf . (15)

T, CY(2f,) e

Substituting (15) into (13) gives

ki_w[xl(kTe)

X, (KT, )] sinc(nc, —k)= " (16)

=..+0+0+[ % (nc.T,)-x,(nc,T,) |+
+0+0+...=

_X{nle J—x [n%T] =

=% (nT)—x,(nT)

for all neZ—{O}.

A.BORYS

However, by virtue of that Xl(t) and X, (t) are the

interpolating functions assuming the same value at the points
nT,neZ, X (nT)=Xx,(nT). Applying this in (16) leads

to the conclusion that really (13) holds for all N Z —{0},

when (15) is satisfied. And this ends the proof. [
Our second observation is the following:

Theorem 3. Sets of sampling points of two non-identical
(but not necessarily interpolating) functions possessing

different bandwidths B, = f_, and B, = f_,, respectively,
are unique (in the sense that they are not identical) for all
sampling periods T, <min (1/(2f,),1/(2f,,)).

Proof: To prove this theorem, consider two functions
X (t) and x,(t) having the bandwidths B, = f and
B,="f
same sampling period T, fulfilling the following inequality:

respectively. Note that sampling them with the

m2’

T <min(T,=1/(2,,).T, =1/(2f,,)). @7

and applying then the sampling theorem and the
reconstruction formula (1) allows us to write

t)= i x, (KT, sinc(t/T, —k) =
o= (18)
=Y % (KT,) sinc(t/T, —k)

k=-o0

and

0

X, (t) = Z X, (KT, ) sinc(t/T, —k) =
== (19)
= Z

(KT;) sinc(t/T, —k)

Consider now the most right-hand side expressions in (18) and
(29). It follows from them, the reconstruction formula (1), and

from the fact that the functions X, (t) and x,(t) were
assumed to be not identical that the sequences x, {KT,} and
X (KT}, k=..,—10,1,..

they are unique. And this ends the proof. [

We remark that theorem 3 holds also when two non-
identical (but not necessarily interpolating) functions possess
the same bandwidth, say f .. Then, the condition (17)

reduces simply to T, <T, =1/(2f,, )

Let us now consider our third observation. We express it in
a form of the following theorem:

, are not identical, too. That is
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Theorem 4. In case of two different signals possessing the
same bandwidth but different spectra shapes, their sets of
sampling points must differ from each other. That is they
cannot be identical.

Proof: Consider two functions ( ) and X ( ) that have

the same bandwidths f_ =f ,=f .

shapes. Let us sample these signals W|th the same sampling
period T, =T, =T, =1/(2f,,). Then, see that because this

period satisfies the condition (4) of the sampling theorem, we
can express them using the reconstruction formula (1) as

but different spectra

0

X (t)= > x (KT,) sinc(t/T, —k) (20)

k=—0

and

0

X, (t): Z

k=-o0

X, (KT,) sinc(t/T,-k) . (21

Observe now that according to the sampling theorem the
expressions on the right-hand sides of (20) and (21) are

unique. So, because X, (t)# X, (t) holds, it follows from the

above that X, {KT} # X, {kT} as well. And this ends the

proof. L]

The latter observation, maybe, may seem for many obvious.
However, in our opinion, it is worthy to recall it also in this
paper to complete the remaining ones discussed here.

V. CONCLUSIONS

Among the most fundamental tools of the digital signal
processing are the sampling theorem and the reconstruction
formula. Their history is long and dates, after [1], to 1841 and
to 1897. In 1841, A. Cauchy recognized something what is
called today a minimal sampling rate (rediscovered by H.
Nyquist and named after him the Nyquist rate). Several years
later, in 1897, another famous mathematician E. Borel
recognized possibility of recovering a bandlimited signal from
its samples. In the 20th century, E. T. Whittaker (1915), H.
Nyquist (1928), V. A. Kotelnikov (1933), and C. Shannon
(1948) published their works, in which they formulated the
sampling theorem and the reconstruction formula (called also
a cardinal series) in the form we know today. They introduced
the aforementioned tools to the theory of signals and modern
telecommunications. The literature on these topics is huge. Let
us only mention, at the end of this paper, some of the most
prominent publications in these areas, articles and books [1]-
[26].

And finally, let us say the following: Nowadays, it seems
that such topics like sampling of signals, sampling theorem,
and reconstruction formula are fully developed, as mentioned
above. This paper shows however that there are still new
intriguing and useful results that can be obtained in this highly
matured area.

REFERENCES

[1] A. Boggess and F. J. Narcowich, A First Course in Wavelets with
Fourier Analysis, New York: John Wiley & Sons, 2011.

[2] R. J. Marks Il, Introduction to Shannon Sampling and Interpolation
Theory, New York: Springer-Verlag, 1991.

[3] A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing,
New York: Pearson, 2010.

[4] W. E. Sabin, Discrete-Signal Analysis and Design, New York: John
Wiley & Sons, 2008.

[5] K. Sozanski, Digital Signal Processing in Power Electronics Control
Circuits, London: Springer-Verlag, 2013.

[6] U. Zolzer, Digital Audio Signal Processing, Chichester: John Wiley &
Sons, 2008.

[7]1 R. Bracewell, The Fourier Transform and its Applications, New York:
McGraw-Hill, 1986.

[8] S. Stearns and D. Hush, Digital Signal Processing with Examples in
MATLAB, Boca Raton: CRC Press, 2002.

[9] B. Gold, N. Morgan, and D. Ellis, Speech and Audio Signal Processing:
Processing and Perception of Speech and Music, New York: John Wiley
& Sons, 2011.

[10] A. B. Carlson, P. B. Crilly, and J. C. Rutledge, Communication Systems,
New York: McGraw-Hill, 2002.

[11] A. V. Oppenheim, A. Willsky, and I. Young |, 1983, Signals and
Systems, Englewood Cliffs: Prentice-Hall, 1983.

[12] J. Proakis and S. Masoud, Digital Communications, New York:
McGraw-Hill, 2008.

[13] J. W. Cooley and J. W. Tukey, “An algorithm for the machine
calculation of complex Fourier series,” Math. Comput., vol. 19, no. 2,
pp. 297-301, April 1965. Reprinted in Digital Signal Processing, I. R.
Rabiner and C. M. Rader, Eds., pp. 223-227, New York: IEEE Press,
1972.

[14] E. O. Brigham, The Fast Fourier Transform, Englewood Cliffs:
Prentice-Hall, 1974.

[15] S. Winograd, “On computing the discrete Fourier transform,” Proc. Nat.
Acad. Sci. USA, vol. 73, no. 4, pp. 1005-1006, April 1976.

[16] C. S. Burrus, “Index mappings for multidimensional formulation of the
DFT and convolution,” IEEE Trans. Acoust., Speech, Sig. Process., vol.
ASSP-25, no. 3, pp. 239-242, June 1977.

[17] S. K. Mitra and M. P. Ekstrom, Two-dimensional Digital Signal
Processing, Stroudsburg: Dowden-Hutchinson & Ross, 1978.

[18] S. K. Mitra and J. F. Kaiser, Handbook for Digital Signal Processing,
New York: John Wiley & Sons, 1993.

[19] P. P. Vaidyanathan, Multirate Systems and Filter Banks, Upper Saddle
River: Prentice-Hall, 1993.

[20] L. R. Rabiner and R. W. Schafer, Introduction to Digital Speech
Processing, Hanover, USA: now Publishers, 2007.

[21] W. D. Stanley et al., Digital Signal Processing, Reston: Reston
Publishing, 1984.

[22] B. Gold, C. M. Rader, A. V. Oppenheim, and T. G. Stockham, Digital
Processing of Signals, New York: McGraw-Hill, 1969.

[23] J. L. Flanagan, “Computers that talk and listen: Man-machine
communication by voice,” Proceedings of the IEEE, vol. 64, no. 4, pp.
405-415, April 1976.

[24] R. Crochiere and L. R. Rabiner, Multirate Digital Signal Processing,
Englewood Cliffs: Prentice-Hall, 1983.

[25] J.H. McClellan and T.W. Parks, “A personal history of the Parks-
McClellan algorithm, IEEE Signal Processing Magazine, vol. 22, no. 2,
pp. 82-86, March 2005.

[26] K. Jung and R. M. Mersereau, Media and Radio Signal Processing for
Mobile Communications, Cambridge: Cambridge University Press,
2018.



