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Abstract—Underwater acoustic communications (UAC) in 

shallow waters is an extremely challenging task. This becomes 

even more difficult when reliable communications with an object 

buried in seabed sediments is required. The work presented in 

two articles (Part A and Part B) is a continuation of the earlier 

work published in [1]. The articles present the simulation of an 

acoustic transmission channel, taking into account the bottom 

slope angle. The simulation utilize the impulse response method 

and the image source ray tracing technique. The articles present 

examples of data transmission in a shallow channel with a sloping 

bottom to a receiver submerged in the water column (Part A) and 

to a receiver buried in seabed sediments (Part B). 
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I. INTRODUCTION 

HE Department of Signals and Systems at the Faculty of 

Electronics, Telecommunications, and Informatics of the 

Gdańsk University of Technology has been conducting 

research on underwater wireless communication in shallow 

waters for many years. This work includes theoretical analyses 

[1] and tests and measurements in actual field conditions [2-6]. 

The previous article [1] presented an analysis of acoustic wave 

propagation conditions in shallow water between a transmitter 

immersed in the water column and a receiver placed in the 

water column or buried in bottom sediments. For simplicity, 

the analysis assumed a constant water depth. In these articles 

(part A and part B), the presented analysis takes into account 

the slope of the bottom - rising or falling. In part A, the 

analysis concerns the transmission of acoustic signals to 

a receiver placed in the water column, and in part B, to a 

receiver buried in bottom sediments. Similar to article [1], the 

analysis was conducted using the image source method [7-10] 

and the impulse response method. This approach to analysing 

acoustic signal propagation in shallow waters differs from that 

typically presented in the literature, e.g. [11-13]. The use of the 

impulse response method allows for the analysis of any type of 

signal and any transmission conditions. 
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II. SOUND WAVE PATHS  

Sound waves emitted in water by a transmitter submerged at 

a depth h reach a receiver buried in the bottom sediments at 

a depth g and located at a distance z from the transmitter. The 

flat bottom is inclined at an angle β to the water surface. Fig. 1 

shows the sound wave path after three reflections, with the first 

reflection returning from the water surface. The x-coordinates 

of the reflection points are denoted as xnk, where n is the 

number of reflections and k is the number of the consecutive 

reflection. Similarly, the y-coordinates of the reflection points 

are denoted as ynk. The x-coordinate of the wave path in the 

bottom sediments is denoted xnko. There is only one path 

satisfying the condition of equality of the angle of incidence to 

the angle of reflection and the angle of refraction δn satisfying 

Snell’s law of refraction. Such a path is determined by the first 

angle of incidence αn on the water surface. 

 

Fig. 1. Sound wave path when reflected first from the water surface. 

From the geometric relationships seen in the Fig. 1, the 

coordinates xnk can be determined using the Eq. (1-8): 

𝑥𝑛1 =
ℎ

𝑡𝑔𝛼𝑛

 
 

(1) 

odd k: 

𝑥𝑛𝑘 =
𝑑 + 𝑥𝑛(𝑘−1){𝑡𝑔[𝛼𝑛 − (𝑘 − 1)𝛽] + 𝑡𝑔𝛽}

𝑡𝑔[𝛼𝑛 − (𝑘 − 1)𝛽]
   

 𝑘 = 2, … 𝑛    

 

 

 

(2) 

𝑦𝑛𝑘 = 0    (3) 

 even k: 

𝑥𝑛𝑘 =
𝑑 + 𝑥𝑛(𝑘−1)𝑡𝑔[𝛼𝑛 − (𝑘 − 2)𝛽]}

𝑡𝑔[𝛼𝑛 − (𝑘 − 2)𝛽] − 𝑡𝑔𝛽
   𝑘 = 2, … 𝑛   

 

 (4) 
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𝑦𝑛𝑘 = 𝑑 + 𝑥𝑛𝑘𝑡𝑔𝛽   (5) 

𝛿𝑛 = arccos {
𝑐𝑑

𝑐
cos([𝛼𝑛 − (𝑛 − 1)𝛽]}    

 

(6) 

𝑥𝑛𝑜 =
𝑔

𝑡𝑔(𝛿𝑛 + 𝛽) − 𝑡𝑔𝛽
 (7) 

   (7) 

𝑦𝑛𝑜 = 𝑑 + 𝑔 + 𝑥𝑛𝑘𝑜𝑡𝑔𝛽 (8) 

The coordinates x satisfy Eq. (9) for the angle sought αn: 

𝑥𝑛𝑘 + 𝑥𝑛𝑜 = 𝑧 (9) 

The Eq. (10) is solved numerically for each considered 

number of reflections n and the assumed channel parameters. 

By inserting the determined angle αn into the formulas, all the 

reflection points from the water surface and the bottom are 

obtained. These coordinates describe the sound wave paths, 

examples of which are shown in Fig. 2-3. They were made for 

the following channel and system parameters: z = 100 m, d = 

20 m, h = 5 m, g = 2 m, c = 1,500 m/s, cd = 1,800 m/s. The 

bottom slope angles are described in the figure legends.  
 

 
Fig. 2. Sound wave paths at an angle of bottom slope β = 3°. 

 
Fig. 3. Sound wave paths at an angle of bottom slope β = −3°. 

 

The sound wave path for three reflections, with the first 

returning from the bottom, is shown in Fig. 4.  

 

Fig. 4. Sound wave paths when reflected first from the bottom. 

The coordinates xn1 and yn1 have the forms of Eq. (10) 

𝑥𝑛1 =
𝑑 − ℎ

𝑡𝑔(𝛼𝑛 + 𝛽) − 𝑡𝑔𝛽
     

𝑦𝑛1 = 𝑑 + 𝑥𝑛1𝑡𝑔𝛽 

 

 

 

(10) 

For odd reflections k, the coordinates of the reflection points 

xnk are described by Eq. (4), and for the others, by Eq. (11-13): 

𝑦𝑛1 = 𝑑 + 𝑥𝑛1𝑡𝑔𝛽    (11) 

𝑥𝑛𝑜 =
𝑔

𝑡𝑔(𝛿𝑛 + 𝛽) − 𝑡𝑔𝛽
 

 

 (12) 

𝑦𝑛𝑜 = 𝑑 + 𝑥𝑡𝑔𝛽 + 𝑔   (13) 

For even reflections k, the coordinates xnk and ynk are given 

by Eq. (2- 3) 

The angles αn are the solutions of Eq. (9), in which the 

above relationships are used. Once this equation is solved, the 

coordinates of the reflections are determined from the 

formulas, and the sound wave paths are determined from these. 

Fig. 5-6 show example paths for the channel and system 

parameters for which Fig. 2-3  were made.  

 
Fig. 5. Sound wave paths at an angle of bottom slope β = 3°. 
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Fig. 6. Sound wave paths at an angle bottom slope β = −3°. 

III. PULSE RESPONSES AND TRANSFER FUNCTIONS 

The pulse responses, which are the signals received for 

a Dirac pulse input, depend on the path lengths sn that the 

pulses travel. These lengths are determined from Eq. (14-15) 

for propagation in water: 

𝑟𝑛𝑘 = √(𝑥𝑛𝑘 − 𝑥𝑛,𝑘−1)
2

+ (𝑦𝑛𝑘 − 𝑦𝑛,𝑘−1)
2

     

𝑛 = 2, … , 𝑁, 𝑘 = 1, … , 𝑛   

 

 

  (14) 

𝑠𝑛 = ∑ 𝑟𝑛𝑘              

𝑛

𝑘=1

 
 

(15) 

and from the Eq. (16) for propagation in the bottom sediments: 

𝑠𝑛𝑜 = √𝑥𝑛𝑜
2 + 𝑦𝑛𝑜

2       (16) 

The amplitudes of the received Dirac pulses are described 

by  the Eq. (17):  

𝐴𝑛 =
𝑠1

𝑠𝑛 + 𝑠𝑛𝑜

10−(𝛼𝑎𝑠𝑛+𝛼𝑏)/20𝐴 
 

(17) 

where s1 = 1 m, αa is the logarithmic absorption attenuation 

coefficient in water [dB/m], αb is the logarithmic absorption 

attenuation coefficient for the bottom sediments, and A is the 

amplitude of the pressure emitted by the transmitter at 

a distance s1 from the surface. In the numerical calculation, A = 

1, ignoring its physical magnitude.  

At the boundary surfaces, the pulse amplitudes are reduced 

by the coefficients described by the Eq. (18): 

𝑅𝑛𝑘 =
𝑧𝑏 sin 𝛼𝑛𝑘 − 𝑧𝑤𝑠𝑖𝑛𝛽𝑛𝑘

𝑧𝑏 sin 𝛼𝑛𝑘 + 𝑧𝑤𝑠𝑖𝑛𝛽𝑛𝑘

   
 

(18) 

 where αnk = αn-(k-1)β are the angle of incidence at the 

boundary surfaces and βnk
 are the angle of refraction of the 

acoustic wave at the boundary between water and bottom 

sediment. The symbol zb denotes the characteristic impedance  

 

of the bottom sediments, and zin denotes the same for water. 

A simplified assumption is made that the reflection coefficient 

at the water/air interface is Rnk = −1.  
 

 

 

The angle βnk is determined from Snell’s law by the Eq. (19): 

𝑐𝑜𝑠𝛼𝑛𝑘

𝑐𝑜𝑠𝛽𝑛𝑘

=
𝑐𝑤

𝑐𝑑

 
 

  (19) 

where cw is the sound wave velocity in the water, and cb is the 

sound wave velocity within the bottom sediments. 

Subsequent pulse responses are delayed by time - the Eq. (20): 

𝜏𝑛 =
𝑠𝑛

𝑐𝑤

 +  
𝑠𝑛𝑜

𝑐𝑏

     
 
(20) 

The pulse response k(t) is determined separately for the path 

types described above and then added up. For each type, it is 

the sum of the Dirac pulses, each of which has an amplitude 

described by Eq. (17), multiplied by the product of the 

reflection coefficients, which can be described by the Eq. (21): 

𝑘(𝑡) = ∑ [𝐴𝑛 (∏ 𝑅𝑛𝑘

𝑛

𝑘=1

) 𝛿(𝑡 − 𝜏𝑛)]

𝑁

𝑛=1

 

 

 

(21) 

This is illustrated in the Fig. 7-10 for the sound wave paths 

of Fig. 2-3, 5-6, which show a reduced number of reflections 

for clarity. The numbers N of reflections considered while 

determining pulse responses are given in the figure legends. At 

the given reflection numbers, there is back propagation, which 

is discussed in the Part A of the work. The calculations 

assumed a volume density of water ρw = 103 kg/m3, and of 

bottom sediments ρb = 3-103 kg/m3 and logarithmic absorption 

attenuation coefficients in water αw = 0.001 dB/m and in 

bottom sediments αb = 0.5 dB/m. These were the values 

occurring at wave frequencies around 5 kHz. 

 

 

Fig. 7. Pulse response at first reflection from the water surface, β = 3°, N = 14. 
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Fig. 8. Pulse response at first reflection from the bottom surface, β = 3°, N = 15. 

 
Fig. 9. Total pulse response, β = 3°.. 

 
Fig. 10. Total pulse response β = −3°. 

Clear changes can be seen in the pulse response waveforms 

compared to the response for a communication system with 

a receiver submerged in water (Part A). The first pulses are 

much smaller than subsequent pulses, which is a result of the 

longer propagation in the bottom sediments, in which there is 

very high absorption attenuation. With a negative slope angle β 

of the bottom, the response pulses are larger than with 

a positive angle β. This is reflected in the transfer function 

waveforms shown in Fig. 11-12. 

 
Fig. 11. Transfer function, β = 3°.

Fig. 12. Transfer function β = −3°. 

IV. SIGNAL TRANSMISSION 

The objective of this work is to investigate the effect of 

bottom slope on the transmission quality of sound signals. By 

comparing the transfer functions shown in Fig. 11-12, it can be 

tentatively concluded that a negative bottom slope is more 

favorable. A more straightforward answer is provided by 

examining the transmission of typical signals used in 

underwater sound communications.  

With the determined pulse response of the system of 

interest, the received signal x(t) is the result of the convolution 

of the transmitted signal s(t) and the pulse response k(t) 

described by the Eq. (22): 

𝑥(𝑡) = 𝑘(𝑡) ∗ 𝑠(𝑡)    (22) 

Gaussian noise is added to the received signal with 

a spectral power density Nn. Knowing the magnitude of the 

received signal x(t) and its spectral width, the input signal-to-

noise ratio SNRi [1] is determined. 

Further, the transmission of narrowband pulses and pulsed 

signals with linear frequency modulation is considered. In the 

first case, the sum of the signal and noise is filtered in 

narrowband filters with middle frequencies equal to the carrier 

frequencies f0 of the transmitted pulses. The bandwidth of the 
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filters takes into account the Doppler effect and is described by 

the Eq. (23): 

𝐵 =
1

𝜏
+

𝑣𝑚𝑎𝑥

𝑐
𝑓0     

(23) 

where τ is the pulse duration, vmax is the maximum velocity of 

the transmitter, c is the sound wave velocity in water, and f0 is 

the carrier frequency of the pulse. 

The received signals are filtered by an eighth-order narrow-

band Butterworth filter with a middle frequency f0 and 

a bandwidth B. The output signal z(t) is obtained after 

baseband envelope detection involving rectification of the 

signal y(t) after filtering, and its low-band processing with 

a Butterworth filter. 

In the case of LFM signals, matched filtering was used, as 

described by the Eq. (24): 

𝑦(𝑡) = ℱ−1{ℱ{𝑘(𝑡)} ∙ ℱ∗{𝑥(𝑡) + 𝑛(𝑡)}}   (24) 

Where ℱ denotes the Fourier transform and * is the coupled 

value. 

The output signal z(t) is obtained after baseband envelope 

detection, as in the case of narrowband pulses. 

To illustrate the transmission of narrow-band sinusoidal 

pulses, two pulses, representing bits ‘0’ and ‘1’, were used, 

with carrier frequencies f0 = 4 kHz and f1 = 4.7 kHz, duration 

τ = 25 ms at intervals of 4τ = 100 ms. The interval is the 

assumed duration of the pulse response plus the duration of the 

pulse. The transmitter is stationary and the filter bandwidth is 

B = 135 Hz. The transmission is in a channel and system 

whose pulse response is shown in the Fig. 9. The Fig. 13-16 

illustrate signal waveforms at significant points in the system. 

 

Fig. 13. Signal transmitted. 

The figures show that the durations of the output signals 

mainly depend on the duration of the pulse response and, 

regardless of the duration of the transmitted pulse, cannot be 

shorter than this. This necessitates the use of large time 

intervals between adjacent pulses and thus limits the 

transmission velocity.  

 
Fig. 14. Receiver input signal. 

 
Fig. 15.Signals after narrow-band filtering

 

Fig. 16. Baseband envelopes of outputsignals  

The output signal waveforms depend strongly on the choice 

of carrier frequencies, as illustrated by the example shown 

below, in which the carrier frequency f1 was shifted by 50 Hz 

to f1 = 4,650 Hz. There is a noticeable change in the height of 

the received pulses, which results from the transfer function 

shown in the Fig. 11.  
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Fig. 16. Baseband envelopes of output signals with shifted carrier frequency. 

To investigate the effect of bottom inclination on signal 

transmission, Gaussian noise with spectral power density Nn 

was added to the received signal, for three different bottom 

slope angles β. Noise of higher intensity causes transmission 

errors. The error percentage Er was estimated for 10,000 

transmissions by detection each time. It involves comparing 

the maximum magnitudes of the output signals in the bit 

reception intervals. If, in the first interval, the signal of bit ‘1’ 

(black plot line in the figures) is greater than that of bit ‘0’, the 

transmission is corrected. Otherwise, an error occurs. An 

analogy was followed for the second interval. The error rate 

was added up and divided by the number of samples. The 

calculation results are shown in the Fig. 17. The reason for the 

differences in error rates is due to differences in the magnitude 

of the input signal-to-noise ratio SNRi, as illustrated in the 

Fig.18. 

 

Fig. 17. Transmission error rate for bottom slope angles β. 

 
Fig. 18. Input SNR for bottom slope angles β. 

From Fig. 16-17 it is evident that the transmission quality 

increases as the bottom angle β decreases, as confirmed by 

numerical experiments performed for different channel and 

system parameters. 

The bottom slope also affects the transmission of signals 

with linear frequency modulation, LFM. It is demonstrated 

using the example of two pulses with duration τ = 0.5 s, with 

the carrier frequencies used in the previous calculations and 

spectral width B = 400 Hz. The pulses are transmitted at a time 

interval of 0.1 s, as illustrated in the Fig. 19. The magnitude 

spectrum of the transmitted signals is shown in the Fig. 20.  

 

 
Fig. 19. Transmitted LFM signal. 
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Fig. 20. Transmitted signal spectrum. 

The received signal was determined from the Eq. (22), in 

which the pulse response was derived from the channel and 

system parameters, carried over from the narrowband pulse 

transmission example and shown in the Fig. 9. The input signal 

waveform is illustrated in the Fig. 21. This signal is processed 

by the matched filtering described by Eq. (24) and the result is 

shown in the Fig. 22. Filtering is done separately for the two 

signals representing the ‘1’ and ‘0’ bits, as shown using the 

different colours. 

 
Fig. 21. Received signal 

The signals after matched filtering are detected by their 

rectification and filtering in two 8th order Butterworth filters 

with bandwidth B. These have the waveforms (baseband 

envelopes) shown in Fig. 23. 

It is understood that with ideal filtering matched to the LFM 

signal, the output signal is a very short pulse of 1/B duration. 

In the system of interest, it is significantly extended due to the 

long duration of the pulse response, which requires the long 

time offset of the transmitted pulses used here. This offset can, 

however, be smaller than the pulse duration, as shown in the 

Fig. 24. As a result, transmission speed can be relatively high. 

To investigate the effect of bottom slope angle on 

transmission quality, the numerical experiment described for 

the case of narrowband pulses was repeated. Examples of the 

noise output signals are shown in the Fig. 24 and the 

calculation results are provided in Fig. 25-26. 

.

 
Fig. 22. Signals after matched filtering. 

 

Fig. 23. Noise-free baseband envelopes of output signals:  

bit ‘1’ – black plot line; bit ‘0’ – red plot line. 

 
Fig. 24. Noisy baseband envelopes of.output signals  
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Fig. 25. Transmission error rate for bottom slope angles β. 

 

 
Fig. 26. Input SNR for bottom slope angles β. 

The Fig. 25 confirms the previously noted trend of better 

transmission quality for smaller bottom slope angles. The use 

of LFM signals provides much better detection conditions than 

narrowband pulsed signals, as a comparable transmission error 

rate is achieved with a lower noise level described here by the 

spectral power density Nn. For example, in the Fig. 17, for the 

bottom slope angle β = 3°, similar error rates to those shown in 

the Fig. 25 are achieved with Nn approximately 500 times 

lower. This is due to the improvement of the output SNRo to 

the input SNRi for signals with LFM. The input SNR levels 

shown in Fures 18 and 26 are similar.  

CONCLUSIONS 

This work showed that there is a significant effect of the 

bottom slope angle on the quality of sound signal transmission 

from a transmitter submerged in the water to a receiver buried 

in the bottom sediments. The improvement in detection 

conditions is greater the smaller the slope angle, and especially 

when this angle is negative. An analogous trend occurs for 

transmissions between a transmitter and receiver immersed in 

water, as demonstrated in the Part A of the work. As in this 

work, the benefits of using linear frequency modulated signals 

in an underwater communication system are shown.  

It can be assumed that the trend shown occurs in real 

systems with wave dispersion on the water surface and bottom, 

the impact of which was not considered in the article. As 

a result of scattering, the wave is reduced in size, however, the 

greater part of it travels along a path satisfying the mirror 

reflection conditions adopted for simplicity of analysis. 

 

Notice 

In the paper – “Part A”, these authors demonstrate the effect 

of bottom slope on transmission with the receiver submerged 

in water column 
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